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Let A denote the mod 2 Steenrod algebra. In this paper we determine the indecomposable
elements in H5,∗(A) = Ext5,∗A (Z/2,Z/2) by making calculations on the Ext groups
Ext4,∗A (H˜
∗(RP∞),Z/2) for the inﬁnite real projective space RP∞. This together with the
result of W.H. Lin on the decomposable elements in H5,∗(A) completely determine the
structure of Ext5,∗A (Z/2,Z/2).
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let A denote the mod 2 Steenrod algebra. The Ext groups Exts,tA (Z/2,Z/2) = Exts,tA (H˜∗(S0),Z/2) form the E2-term of
the Adams spectral sequence for computing the 2-primary stable homotopy groups of the sphere spectrum S0 [1,2]. Here
s is the homological degree and t is associated with the degree in A. We will simply write Exts,tA (S
0) or Exts,tA to denote






A . Let P denote the inﬁnite real projective space RP
∞ . In what follows we also
consider the Ext groups Exts,∗A (H˜
∗(P ),Z/2) =⊕t Exts,tA (H˜∗(P ),Z/2) which will simply be denoted by Exts,∗A (P ).
The structure of Exts,∗A for s  3 is known before 1970, mainly due to J.F. Adams [2] and J.S.P. Wang [12]. Based on
the work of Cohen, Lin and Mahowald [4] and also the work of Lin [5], W.H. Lin set up a program in [6] to compute
Exts,∗A for small s, primarily for the next lines s = 4 and s = 5. This program to compute Exts,∗A is essentially to compute
Exts−1,∗A (P ) ﬁrst and then apply the induced map Ext
s−1,t−1
A (P )
t∗−→ Exts,tA = Exts,tA (S0) of the transfer map P t−→ S0. He
computed completely Ext4,∗A and also the structure of Z/2-submodule of decomposable elements in Ext
5,∗
A in [6].
In this paper we determine all the indecomposable elements in Ext5,∗A by Lin’s program. The result is stated as Theo-
rem 1.31 at the end of this section. For completeness we will also recall the already known result about Exts,∗A for s  5 as
mentioned in the previous paragraph. These will be summarized in Theorem 1.2 before the statement of (1.3).
To describe these results we recall the mod 2 lambda algebra Λ [3]. Λ is a bigraded differential algebra over Z/2
generated by λi ∈ Λ1,i (i  0) with relations
(a) λiλ2i+1+m =∑ν0 (m−1−νν )λi+m−νλ2i+1+ν for m 0
E-mail address: d937203@oz.nthu.edu.tw.
1 The main result – Theorem 1.3 of this paper – has been presented by the author at the 3rd East Asia Conference on Algebraic Topology, held in Hanoi,
Vietnam, December, 2009.0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.01.002
T.-W. Chen / Topology and its Applications 158 (2011) 660–689 661and the differential
(b) δ(λk) =∑ν0 (k−1−νν+1 )λk−1−νλν on the generators λk
and Hs,t(Λ) = Hs,t(Λ, δ) = Exts,t+sA . From (a) we see the set {λ j1 · · ·λ js | 2 ji  ji+1} is a Z/2-base for Λ. Such monomials in
the λ j ’s are said to be admissible. We have the following.
(c) There is an operation Sq0 : Λ → Λ given by Sq0(λ j1 · · ·λ js ) = λ2 j1+1 · · ·λ2 js+1 (λ j1 · · ·λ js is not necessarily admissible)
which respects the relations in (a) and commutes with the differential δ in (b).
So Sq0 induces a map in Ext groups
(c)′ Sq0 : Hs,t−s(Λ) = Exts,tA → Hs,2t−s(Λ) = Exts,2tA
which is precisely the ﬁrst Steenrod operation Sq0 : Exts,tA → Exts,2tA in [8]. In what follows, (Sq0)i : Λ → Λ (or (Sq0)i :
H∗,∗(Λ) → H∗,∗(Λ)) denotes the composite Sq0 · · · Sq0
—— i ——
if i > 1, is Sq0 if i = 1 and is the identity map if i = 0.
For example, δ(λ0)
(b)= 0 (means by formula (b)). So δ(λ2i−1 = (Sq0)iλ0) (c)= (Sq0)i(δ(λ0)) = 0, i  0. Thus each λ2i−1 is a cy-
cle in Λ representing an element hi = {λ2i−1} in Ext1,2
i
A . Another example, δ(λ2)
(b)= λ1λ0 and δ(λ2λ23) = δ(λ2)λ23 = λ1λ0λ23
(a)=
λ1λ2λ1λ3
(a)= 0. So λ2λ23 is a cycle representing an element c0 = {λ2λ23} in Ext3,11A . From (c) and (c)′ we see for each i  0,
λ2i+1+2i−1λ22i+2−1 = (Sq0)i(λ2λ23) is also a cycle representing an element ci = (Sq0)ic0 = {(Sq0)i(λ2λ23)} in Ext
3,2i+3+2i+1+2i
A .
We will say more on the computations with the lambda algebra Λ in Section 2.
In (1.1) below we list some classes in Ext∗,∗A where each chain in Λ as given can be shown to be a cycle (by direct
computations using (a) and (b), analogous to the examples above) representing the corresponding class as named.
(1.1) (1) hi = {λ2i−1 = (Sq0)i(λ0)} ∈ Ext1,2
i
A for i  0.
(2) ci = {(Sq0)i(λ2λ23)} ∈ Ext3,2
i+3+2i+1+2i
A for i  0.
(3) di = {(Sq0)i(λ6λ2λ23 + λ24λ23 + λ2λ4λ5λ3)} ∈ Ext4,2
i+4+2i+1
A for i  0.
(4) ei = {(Sq0)i(λ8λ33 + λ4(λ25λ3 + λ7λ23) + λ2(λ9λ23 + λ23λ9))} ∈ Ext4,2
i+4+2i+2+2i
A for i  0.
(5) f i = {(Sq0)i(λ4λ0λ27 + λ3(λ9λ23 + λ23λ9) + λ2λ4λ5λ7)} ∈ Ext4,2
i+4+2i+2+2i+1
A for i  0.
(6) gi+1 = {(Sq0)i(λ6λ0λ27 + λ5(λ9λ23 + λ23λ9) + λ3(λ11λ23 + λ5λ9λ3))} ∈ Ext4,2
i+4+2i+3
A for i  0.
(7) pi = {(Sq0)i(λ0(λ19λ27 + λ27λ19))} ∈ Ext4,2
i+5+2i+2+2i
A for i  0.
(8) D3(i) = {(Sq0)i(λ0λ23λ7λ31)} ∈ Ext4,2i+6+2iA for i  0.
(9) p′i = {(Sq0)i(λ0(λ39λ215 + λ215λ39))} ∈ Ext4,2
i+6+2i+3+2i
A for i  0.
(10) P1h1 = {λ2λ30λ7 + λ1(λ2λ4λ21 + λ1λ2λ4λ1 + λ2λ21λ4)} ∈ Ext5,14A .
(11) P1h2 = {λ4λ30λ7 + λ3(λ5λ31 + λ2λ4λ21 + λ1λ2λ4λ1 + λ2λ21λ4) + λ2λ2λ20λ7 + λ1λ1λ2λ0λ7} ∈ Ext5,16A .
(12) ni = {(Sq0)i(λ9λ3λ5λ27 + λ6λ0λ3λ15λ7 + λ3λ5λ1λ15λ7)} ∈ Ext5,2
i+5+2i+2
A for i  0.
(13) xi = {(Sq0)i(λ14λ2λ23λ15 + λ12λ4λ37 + λ28λ37 + λ6λ2λ23λ23 + λ24λ23λ23 + λ2λ4λ1λ215)} ∈ Ext5,2
i+5+2i+3+2i+1
A for i  0.
(14) D1(i) = {(Sq0)i(λ4λ7λ11λ215)} ∈ Ext5,2
i+5+2i+4+2i+3+2i
A for i  0.









A for i  0.
(17) Ki = {(Sq0)i(λ20λ47λ15λ63 + (λ9λ23 + λ23λ9)λ47λ63 + λ21λ11λ331)} ∈ Ext5,2
i+7+2i+1
A for i  0.
(18) J i = {(Sq0)i(λ0(λ19λ27 + λ27λ19)λ95 + λ0λ43λ23λ231 + λ0λ19λ31λ15λ63)} ∈ Ext5,2
i+7+2i+2+2i
A for i  0.
(19) Ti = {(Sq0)i(λ20(λ79λ231 + λ231λ79) + (λ9λ23 + λ23λ9)λ263)} ∈ Ext5,2
i+7+2i+4+2i+1
A for i  0.
(20) Vi = {(Sq0)i(λ0λ31λ47λ15λ63)} ∈ Ext5,2i+7+2i+5+2iA for i  0.
(21) V ′i = {(Sq0)i(λ0λ23λ7λ31λ191 + λ0λ47λ15λ127λ63)} ∈ Ext5,2
i+8+2i
A for i  0.
(22) Ui = {(Sq0)i(λ0(λ39λ2 + λ2 λ39)λ191 + λ0λ87λ47λ2 + λ0λ39λ63λ31λ127)} ∈ Ext5,2i+8+2i+3+2i for i  0.15 15 63 A
662 T.-W. Chen / Topology and its Applications 158 (2011) 660–689We recall in Theorem 1.2 below the already known structure of cohomology algebra Exts,∗A for s  5 modulo indecom-
posable elements in Ext5,∗A .
Before stating Theorem 1.2 (and also Theorem 1.3 that follows) we deﬁne “decomposable and indecomposable elements”
in Ext∗,∗A as follows. Recall that Ext
∗,∗





μ−→ Exts+s′,∗A be the multiplication
map of the algebra Ext∗,∗A . An element α in Ext
s¯,∗
A is said to be a decomposable element if s¯ 2 and there exist s > 0, s′ > 0
with s+s′ = s¯ such that α =∑i μ(βi⊗γi) for some βi ∈ Exts,∗A and γi ∈ Exts′,∗A . For each s 2 the set of all the decomposable
elements in Exts,∗A is a Z/2-submodule and is denoted by D
s,∗ . A non-zero element in Exts,∗A is an indecomposable element
if either s = 1 or if s  2 then its image in Exts,∗A /Ds,∗ is non-zero. For s  1 a subset I of Exts,∗A is “a Z/2-base for
indecomposable elements in Exts,∗A ” if the image of I in Ext
s,∗
A /D
s,∗ is a Z/2-base (D1,∗ = 0).
Theorem 1.2. ([2,6,12])
(i) The algebra Exts,∗A for s  3 is generated by hi = 0 and ci = 0 for i  0, where hi , ci are as in (1.1)(1) and (1.1)(2), and subject
only to the relations hihi+1 = 0, hih2i+2 = 0 and h3i = h2i−1hi+1 . In particular, {ci | i  0} is a Z/2-base for the indecomposable
elements in Ext3,∗A .
(ii) The subalgebra E of the algebra Exts,∗A for s 4 generated by hi and ci for i  0 is subject only to the relations in (i) together with
the relations: h2i h
2
i+3 = 0, h jci = 0 for j = i − 1, i, i + 2 and i + 3.
(iii) The set I4 of the classes di , ei , f i , gi+1 , pi , D3(i) and p′i for i  0 in (1.1)(3) through (1.1)(9) is a Z/2-base for the indecomposable
elements in Ext4,∗A .
(iv) The subalgebra E¯ of the algebra Exts,∗A for s  5 generated by hi , ci , di , ei , f i , gi+1 , pi , D3(i) and p′i for i  0 is subject only to
the relations in (i) and (ii) together with the following relations (1) through (39) where classes, if not speciﬁed to be zero, are all
non-zero, and where j  0 except (34) in which j  1.
(1) h2j+4c j = 0, (2) h j+3h jc j+2 = 0, (3) h2j+1c j = 0,
(4) h jd j+1 = 0, (5) h j+3d j = 0, (6) h j+4d j = 0,
(7) h je j+1 = 0, (8) h j+4e j = 0, (9) h j+1 f j = 0,
(10) h j+3 f j = 0, (11) h j+4 f j = 0, (12) h j+3g j+1 = 0,
(13) h j p j+1 = 0, (14) h j+1p j = 0, (15) h j+2p j = 0,
(16) h j+4p j = 0, (17) h j+5p j = 0, (18) h jD3( j + 1) = 0,
(19) h jD3( j) = 0, (20) h j+5D3( j) = 0, (21) h j+6D3( j) = 0,
(22) h j p′j+1 = 0, (23) h j+2p′j = 0, (24) h j+3p′j = 0,
(25) h j+6p′j = 0, (26) h j+4h j+1c j = h j+3e j, (27) h j+4h jc j+3 = h j+5p′j,
(28) h2j+5c j = h j+1p′j, (29) h jd j+2 = h j+3D3( j), (30) h j+1d j+1 = h j p j,
(31) h j+2d j+1 = h j+4g j+1, (32) h j+2d j = h je j, (33) h j+1e j = h j f j,
(34) h j+1e j = h j f j = h2j−1c j+1, (35) h j+2e j = h j g j+1, (36) h j f j+2 = h j+4p′j,
(37) h j f j+1 = h j+3p j, (38) h j+2 f j = h j+1g j+1, (39) h j+3g j+2 = h j+5g j+1.
The main result of this paper is the following.
Theorem 1.3. The set I5 of the classes P1h1 , P1h2 , ni , xi , D1(i), H1(i), Q 3(i), Ki , J i , T i , V i , V ′i , and Ui for i  0 in (1.1)(10) through
(1.1)(22) is a Z/2-base for the indecomposable elements in Ext5,∗A .
M.C. Tangora computed in [9] Exts,tA for t − s  70. His chart includes the following subset T5 of the indecomposable






1h2, n0, n1 = Sq0n0, x0, D1(0), H1(0), Q 3(0)
}
.




1h2, n0, n1 = Sq0n0, x0, x1 = Sq0x0, D1(0), D1(1) = Sq0D1(0), H1(0), Q 3(0)
}
.
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N6 =
⎧⎨⎩ P
1h1, P1h2, n0, n1 = Sq0n0, n2 = (Sq0)2n0, x0, x1 = Sq0x0, x2 = (Sq0)2x0, D1(0),
D1(1) = Sq0D1(0), H1(0), H1(1) = Sq0H1(0), Q 3(0), Q 3(1) = Sq0Q 3(0),
K0, J0, T0, V0
⎫⎬⎭ .
Our result on I5 in Theorem 1.3 coincides with T5, B5 and N5 in the range t − s  70, t − s  110, t − s  210 for s = 5
respectively.
A summary of this paper will be given in the beginning of Section 2.
2. Lambda algebra and Exts,∗A (P ) for s 4
We recall again from (a) in Section 1 that the set {λ j1 · · ·λ js | 2 ji  ji+1} is a Z/2-base for Λ. Such monomials in the
λ j ’s are said to be admissible. For each n 0 let Λ(n) be the Z/2-submodule of Λ generated by the admissible monomials
λi1 · · ·λis with i1  n. It is not diﬃcult to show that each Λ(n) is indeed a subcomplex of Λ. This deﬁnes an increasing
ﬁltration · · · ⊂ Λ(n − 1) ⊂ Λ(n) ⊂ · · · of the complex Λ and so
(d) a spectral sequence {E¯ i,s,tr }r1 with E¯ i,s,tr = Hs,t(Λ(i)/Λ(i − 1)) which converges to H∗,∗(Λ) ∼= Ext∗,∗A in the sense that⊕
i1 E¯
i,s,t∞ = Hs,t(Λ) = Exts,t+sA .
But this is not the spectral sequence we are going to work with. The spectral sequence that is useful to us, easier to work
with and closely intimated with the spectral sequence {E¯ i,s,tr }r1 above and which we will make use of to prove Theorem 1.3
later on is a spectral sequence {Ei,s,tr }r1 for computing the Ext groups Exts,tA (P ) = Exts,tA (H˜∗(P ),Z/2). The reason will be
explained later.
In this section we will be doing the following.
(1) Describe the spectral sequence {Ei,s,tr }r1 for Ext∗,∗A (P ).
(2) A connection from the spectral sequence {E¯ i,s,tr }r1 for Ext∗,∗A in (d) to the spectral sequence {Ei,s,tr }r1 for Ext∗,∗A (P ) in
a special content. This connection is to be described as (2.1) and (2.2).
(3) Recall the differentials E∗,s¯,∗r
dr−−→ E∗,s¯+1,∗r for 0 s¯ 3.
(4) Compute the differentials E∗,4,∗r
dr−−→ E∗,5,∗r .
(5) Summarize from the differentials done in (4) the result on the structure of Ext4,∗A (P ) which is Theorem 2.15.
(4) is the main work of this paper. As will be seen, there are 289 non-trivial differentials for E∗,4,∗r
dr−−→ E∗,5,∗r . Because
the list of these differentials is rather long we will give this list in Section 4. In Section 3 we will then use Theorem 2.15
together with the relationship between {Ei,s,tr }r1 and {E¯ i,s,tr }r1 described in (2) to complete the proof of Theorem 1.3.




Z/2 for k 1,
0 otherwise








To calculate Ext∗,∗A (P ) = Ext∗,∗A (H˜∗(P ),Z/2) one can use the bigraded differential Λ-module H˜∗(P ) ⊗ Λ. The bigrading on
H˜∗(P ) ⊗ Λ is given by(
H˜∗(P ) ⊗ Λ
)s,t =∑
k
H˜k(P ) ⊗ Λs,t−k.
For any sequence I= (i1, . . . , is) of non-negative integers, we write λI to denote λi1 · · ·λis ∈ Λ. Basis elements in H˜∗(P )⊗Λ
are of the form ek ⊗ λI which will simply be written as ekλI and we still use ek to denote ek1. H˜∗(P ) ⊗ Λ is a differential
right Λ-module with differential δ given, via (1), by




k − 1− j
j + 1
)
ek− j−1λ jλI. (2)
Then Exts,t+s(P ) = Hs,t(H˜∗(P ) ⊗ Λ). Note that Ext∗,∗(P ) is an Ext∗,∗-module in an obvious way.A A A
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Sq0 : H˜∗(P ) ⊗ Λ → H˜∗(P ) ⊗ Λ given by Sq0(ekλ j1 · · ·λ js ) = e2k+1λ2 j1+1 · · ·λ2 js+1. (3)
This operation also commutes with the differential δ of H˜∗(P ) ⊗ Λ given in (2) and so induces an operation
Sq0 : Exts,tA (P ) → Exts,2t+1A (P ). (3)′
Again (Sq0)i : H˜∗(P )⊗Λ → H˜∗(P )⊗Λ (or (Sq0)i : Exts,tA (P ) → Exts,2
i t+2i−1
A (P )) will denote the composite Sq
0 · · · Sq0
—— i ——
if i > 1,
is Sq0 if i = 1 and is the identity map if i = 0.
Deﬁne a ﬁltration {F (i)}i0 of the differential Λ-module H˜∗(P )⊗Λ by F (i) =∑0ki H˜k(P )⊗Λ. It is clear that F (0) = 0
and F (i)/F (i − 1) ∼= Σ iΛ. So Hs,t(F (i)/F (i − 1)) = Σ iExts,t+s−iA . This ﬁltration gives rise to
(e) a spectral sequence {Ei,s,tr }r1 with Ei,s,t1 = Hs,t(F (i)/F (i − 1)) = Σ iExts,t+s−iA and
⊕
i1 E
i,s,t∞ ∼= Exts,t+sA (P ) as Z/2-
modules.
Before we make calculations with this spectral sequence, we recall a chain map H˜∗(P ) ⊗ Λ t¯−→ Λ and a chain map
Λ
φ−→ H˜∗(P ) ⊗ Λ described as (2.1) and (2.2) respectively below. These chain maps essentially describe a relationship
between the spectral sequence {Ei,s,tr }r1 for Ext∗,∗A (P ) in (e) and the spectral sequence {E¯ i,s,tr }r1 for Ext∗,∗A in (d).
Let P t−→ S0 be the transfer map as in [5,7]. Then we have the following.
(2.1) (1) The map P t−→ S0 induces a differential Λ-map H˜∗(P ) ⊗ Λ t¯−→ Λ given by
t¯(ekλi1λi2 · · ·λin) = λkλi1 · · ·λin





)= Exts+1,t+1A for all s 0, t  0.
(2) The chain map H˜∗(P ) ⊗ Λ t¯−→ Λ above commutes with the operations H˜∗(P ) ⊗ Λ Sq
0−−→ H˜∗(P ) ⊗ Λ and Λ Sq
0−−→ Λ












for all i  1.
To describe (2.2), recall that there is a ﬁltration {Λ(i) | i  0} of Λ as described in the beginning of this section. Then we
have the following.
(2.2) There is a chain map Λ
φ−→ H˜∗(P ) ⊗ Λ [4–6], going from Λs+1,t−s to (H˜∗(P ) ⊗ Λ)s,t−s; thus it induces an Ext groups
map
Exts+1,t+1A
φ∗−→ Exts,tA (P ) for all t − s 0.
The chain map φ has the following properties.
(1) φ(Λ(i)) ⊆ F (i) for all i  0.
(2) φ(λi1λi2 · · ·λis ) ≡ ei1λi2 · · ·λis mod F (i1 − 1) for any admissible monomial λi1 · · ·λis with i1  1.
(3) Let ψ be the composite Λ
φ−→ H˜∗(P ) ⊗ Λ t¯−→ Λ where t¯ is as in (2.1)(1). Then for each admissible monomial
λi1λi2 · · ·λis in Λ with i1  1 there is the relation
ψ(λi1λi2 · · ·λis ) ≡ λi1λi2 · · ·λis mod Λ(i1 − 1).
From (2.1) and (2.2)(3) one easily deduces the following.
(2.3) The map Exts,t(P )
t∗−→ Exts+1,t+1 is onto for t − s > 0.A A
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program by which we are going to deduce Theorem 1.3 from Theorem 2.15.
As we have said in (2), (2.1) and (2.2) are a connection from the spectral sequence {E¯ i,s,tr }r1 in (d) for Ext∗,∗A to the
spectral sequence {Ei,s,tr }r1 in (e) for Ext∗,∗A (P ). The reason to compute Ext∗,∗A via {Ei,s,tr }r1 and then use the connections
(2.1) and (2.2) is that Ei,s,t1 = Hs,t(F (i)/F (i − 1)) = Σ iExts,t+s−iA which are known for s small and E¯ i,s,t1 = Hs,t(Λ(i)/Λ(i − 1))
which are not known even for small s. In the remainder of this section we will make calculations with the spectral sequence
{Ei,s,tr }r1 as mentioned in (3) and (4), that is, recall the differentials E∗,s¯,∗r dr−−→ E∗,s¯+1,∗r for 0  s¯  3 and compute the
differentials E∗,4,∗r
dr−−→ E∗,5,∗r . Then we infer from these differentials Theorem 2.15. The computations to prove Theorem 1.3
from Theorem 2.15 via the connections (2.1) and (2.2) will be exploited in Section 3.
Now we set to do (3) and (4).
For each r  1 the differential dr of the spectral sequence {Ei,s,tr }r1 in (e) goes from Ei,s,tr to Ei−r,s+1,t−1r . We will simply
write E∗,s,∗r
dr−−→ E∗,s+1,∗r to indicate that we are considering these differentials for a ﬁxed s and for all i, t and r.
From (e) we see that, for a given s > 0 if Exts
′,∗
A are known for all s
′  s (and all ∗) then one can compute the differentials
E∗,s¯,∗r
dr−→ E∗,s¯+1,∗r for s¯ s − 1.
In particular, one can compute the differentials
E∗,s¯,∗r
dr−→ E∗,s¯+1,∗r for 0 s¯ 2 (∗)
and
E∗,s¯,∗r




′  4 are known by Theorem 1.2. The differentials (∗) are completely done in the work of Cohen, Lin and
Mahowald [4] and this is the starting point of Lin’s program as mentioned in Section 1. The differentials (∗∗) are done by
Lin in [6]. The main work of this paper is to do the differentials
E∗,s¯,∗r
dr−→ E∗,s¯+1,∗r for s¯ = 4. (∗∗∗)
We will recall all the differentials in (∗) and part of the differentials in (∗∗) before describing the new differentials (∗∗∗).
We use the following conventions to state these results. First we note, by (e), that if α is a basis element in Exts,∗A then
eiα = ei ⊗ α is a basis element in Ei,s,∗1 . We will write eiα → ei−rβ , where ei−rβ is some basis element in Ei−r,s+1,∗1 , to
mean that both eiα and ei−rβ survive to E∗,∗,∗r and dr(eiα) = ei−rβ in the spectral sequence. Such a differential is a non-
trivial one. If dr(eiα) = 0 for all r > 0 so that eiα is an inﬁnite cycle then we write eiα → 0. We will only consider those
eiα with eiα → 0 which are not boundaries so that they survive to E∗,∗,∗∞ representing non-trivial elements in Ext∗,∗A (P ).
From Theorem 1.2 we have the following.
(2.4) (i) {ei = ei1 | i  1} is a Z/2-base for E∗,0,∗1 ,
(ii) {eih j | i  1, j  0} is a Z/2-base for E∗,1,∗1 ,
(iii) {eih jhk | i  1, 0 j < k − 1 or 0 j = k} is a Z/2-base for E∗,2,∗1 ,
(iv) {
eih jhkhl
∣∣∣ ( i  1, 0 j < k − 1< l − 2or 0 j = k < l − 1 or 0 j < k − 2= l − 2
)}
∪ {eic j | i  1, j  0}
is a Z/2-base for E∗,3,∗1 ,
(v) {eiα | i  1, α ∈ U } is a Z/2-base for E∗,4,∗1 where U is the following Z/2-base for Ext4,∗A ( j  0 in (12) through
(18)).
(1) h40, (2) h
3
j hk, 0 j < k − 2, (3) h2j h2k , 0 j < k − 3,
(4) h2j hkhi, 0 j < k − 2< i − 3, (5) h jh2khi, 0 j < k − 2< i − 4,
(6) h jhkh
2
i , 0 j < k − 1< i − 3, (7) h jh3k , 0 j < k − 3,
(8) h jhkhihp, 0 j < k − 1< i − 2< p − 3, (9) h j+1c j, j  0,
(10) h jck, 0 j < k − 1, (11) c jhk, 0 j < k − 3,
(12) d j, (13) e j, (14) f j, (15) g j+1, (16) p j, (17) D3( j), (18) p′j .
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E∗,s¯,∗r
dr−−→ E∗,s¯+1,∗r for s¯ = 0,1,2.
(2.5.1) e2l(2m+1)−1 → e2l+1m−1hl for m 1, l 0.
(2.6.1) e2l(2m+1)−1h j → e2l+1m−1hlh j for m 1, 0 l < j − 1 or 0 l = j.
(2.6.2) e2l+2m+2l−1hl+1 → e2l+2m−2l−1h2l+1 for m 1, l 0.
(2.6.3) e2l+n+1m+2l+n−2l−1hl+1 →
{
e2l+n+1m−2l−1hl+1hl+n for m 1, l 0, n 3,
e2l+3m−2l+1−2l−1h2l+2 for m 1, l 0, n = 2.
(2.7.1) e2mh20 → e2m−1h30 for m 1.
(2.7.2) e2 j+2m+2 j−1h2j → e2 j+2m−2 j+1−2 j−1−1c j−1 for m 1, j  1.
(2.7.3) e2 j+3m+2 j+2−2 j−1h2j → e2 j+3m−2 j+1−2 j−2 j−1−1h j−1h2j+2 for m 1, j  1.
(2.7.4) e2 j+n+1m+2 j+n−2 j−1h2j → e2 j+n+1m−2 j−1h2j h j+n for m 1, n 3, j  1.
(2.7.5) e2 j+1m+2 j−1−1h2j → e2 j+1m−2 j−1−1h3j for m 1, j  1.
(2.7.6) e2 jm+2 j−1+2 j−2−1h2j → e2 jm−1c j−2 for m 1, j  2.
(2.7.7) e2 j+1m+2 j−2−1h2j → e2 j+1m−2 j+2 j−2−1h3j for m 1, j  2.
(2.7.8) e2l+1m+2l−1h2j → e2l+1m−1hlh2j for m 1, 0 l < j − 2.
(2.7.9) e2 j+1m+2 j−1h jhk → e2 j+1m−1h2j hk for m 1, 0 j < k − 1.
(2.7.10) e2 j+1m+2 j−1−1h jhk → e2 j+1m−2 j−1−1h2j hk for m 1, 1 j < k − 1.
(2.7.11) e2n+lm+2n−2 j−1−1h jhk →
⎧⎨⎩
e2n+lm−2 j−1−1h jhnhk for m 1, l 1, 1 j < n − 1,
and n < k − 1 or n = k j + 3,
e2 j+1+lm−2 j+1+2 j−1−1h2j+1hk for m 1, l 1, 1 j = n − 1 < k − 2.
(2.7.12) e2k+lm+2k−1−2 j−1−1h jhk →
{
e2k+lm−2k−1−2 j−1−1h jh2k for m 1, l 1, 1 j < k − 2,
e2 j+2+lm−2 j+2−2 j−1−1c j for m 1, l 1, 1 j = k − 2.
(2.7.13) e2k+1+lm+2k+l−2k−1−2 j−1−1h jhk → e2k+l+1m−2k−1−2 j−1−1h jhkhk+l for m 1, l 2,1 j < k − 1.
(2.7.14) e2k+2m+2k+1−2k−1−2 j−1−1h jhk → e2k+2m−2k−2k−1−2 j−1−1h jh2k+1 for m 1, 1 j < k − 1.
(2.7.15) e2 j+2+lm+2 j+2−2 j−1−1h jh j+2 → e2 j+2+lm−2 j+1−2 j−2 j−1−1h3j+2 for m 1, l 1, j  1.
(2.7.16) e2l+1m+2l−1h jhk → e2l+1m−1hlh jhk for m 1, 0 l < j − 1< k − 2.
In [6], Lin listed 74 non-trivial differentials for (∗∗). The whole list is too long to be recalled here. In (2.8) below we just
recall some examples of these differentials. Note that the numberings (2.8.l) here are the numberings (2.5.l) for these
differentials in [6].
(2.8.1) e2mh30 → e2m−1h40 for m 1.
(2.8.2) e2 j+2m+2 j−1−1h3j → e2 j+2m−2 j+1−2 j−1h jc j−1 for m 1, j  1.
(2.8.3) e2 j+n+1m+2 j+n−2 j−2 j−1−1h3j → e2 j+n+1m−2 j−2 j−1−1h3j h j+n for m 1, n 3, j  1.
(2.8.4) e2 j+3m+2 j+1+2 j−1−1h3j → e2 j+3m−2 j+2−2 j−1e j−1 for m 1, j  1.
(2.8.5) e2 j+2m+2 j−2−1h3j → e2 j+2m−2 j+1−1e j−2 for m 1, j  2.
(2.8.6) e2 j+2m+2 j+1+2 j−2−1h3j → e2 j+2m−1e j−2 for m 1, j  2.
(2.8.7) e2 j+1m+2 j−3−1h3j → e2 j+1m−2 j−2 j−1−1p j−3 for m 1, j  3.
(2.8.8) e2 j−1m+2 j−2+2 j−3−1h3j → e2 j−1m−1c j−3h j+1 for m 1, j  3.
(2.8.9) e2l+1m+2l−1h3j → e2l+1m−1hlh3j for m 1, 0 l < j − 3.







(2.8.65) e2 j+n+4m−2 j+n+3−2 j−1c j → e2 j+n+4m−2 j+n+3−2 j+3−1d j for m 1, n 1, j  0.
(2.8.66) e2 j+n+1m+2 j+n−2 j+3+2 j+1+2 j−1−1c j → e2 j+p+1m−2 j+3+2 j+1+2 j−1−1c jh j+n for m 1, n 4, j  1.
(2.8.67) e2 j+4m+2 j+1+2 j−1−1c j → e2 j+4m−2 j+3−2 j+2−2 j−1−1h j+2c j+1 for m 1, j  1.
(2.8.68) e2 j+2m+2 j−1−1c j → e2 j+2m−2 j+1+2 j−1−1h j+1c j for m 1, j  1.
(2.8.69) e2 j+4m+2 j+3−2 j+1+2 j−1−1c j → e2 j+4m−2 j−1−1d j for m 1, j  1.
(2.8.70) e2 j+n+4m−2 j+3+n−2 j+1+2 j−1−1c j → e2 j+n+4m−2 j+3+n−2 j+3−2 j−1−1d j for m 1, n 1, j  1.
(2.8.71) e2 j+2m+2 j+1−2 j−1−1c j → e2 j+2m−2 j−1−1h j+1c j for m 1, j  1.
(2.8.72) e2 j+4m+2 j+3−2 j−1−1c j → e2 j+4m−1p j−1 for m 1, j  1.
(2.8.73) e2 j+4+nm−2 j+3+n−2 j−1−1c j → e2 j+4+nm−2 j+3+n−2 j+3−1p j−1 for m 1, n 1, j  1.
(2.8.74) e2l+1m+2l−1c j → e2l+1m−1hlc j for m 1, 0 l < j − 1.
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(i) The data in the differentials (2.8.4), (2.8.65), (2.8.70) and (2.8.73) update those in the old (2.5.4), (2.5.65), (2.5.70)
and (2.5.73) of [6].
(ii) A differential of the form “eiα → e jek”, like the one in (2.8.4), means e j is the homology class in H˜∗(P ) and ek is the
Ext group class in Ext4,∗A .
From the differentials (2.5) through (2.8) above one easily determines all the non-trivial inﬁnite cycles in E∗,s¯,∗∞ for
0 s¯ 3 by the following process.
(2.10) Any differential in (2.5) through (2.8) is of the form eg(m)α → e f (m)β . For example, g(m) = 2l(2m + 1) − 1 and
f (m) = 2l+1m − 1 in (2.5.1), g(m) = 2m and f (m) = 2m − 1 in (2.7.1), g(m) = 2 j+4+nm − 2 j+3+n − 2 j−1 − 1 and
f (m) = 2 j+4+nm − 2 j+3+n − 2 j+3 − 1 in (2.8.73). In each case g(m) > 0 and f (m) > 0 for m  1. When one puts
m = 0 then f (0) < 0, again for all cases. If g(0) is still greater than 0 (this happens in almost all cases) then one gets
eg(0)α → 0, that is, eg(0)α is an inﬁnite cycle. These inﬁnite cycles are not boundaries in the spectral sequence and
exhaust all non-trivial elements in E∗,s¯,∗∞ for 0 s¯ 3.
Thus by this process one obtains
for each s¯ with 0 s¯ 3 a Z/2-base for E∗,s¯,∗∞ . (4)
We are not going to list these basis elements. Here we just summarize in Theorem 2.12 below the complete result on the
Ext∗,∗A -module Ext
s,∗
A (P ) for s 3 that Lin deduced from (4) ([6] and also [7]).
Before stating Theorem 2.12 we describe some classes in Exts,∗A (P ) for 0 s 3 in (2.11) below. Recall from (3) and (3)′
that there is a chain map
Sq0 : H˜∗(P ) ⊗ Λ → H˜∗(P ) ⊗ Λ given by Sq0(ekλ j1 · · ·λ js ) = e2k+1λ2 j1+1 · · ·λ2 js+1
that induces an operation Sq0 : Exts,tA (P ) → Exts,2t+1A (P ). For example, Sq0( ĥi = {e2i−1}) = ĥi+1 = {e2i+1−1} for i  1 and
Sq0( ĉ j = {e2 j+1+2 j−1λ22 j+2−1}) = ĉ j+1 = {e2 j+2+2 j+1−1λ22 j+3−1} for j  0 where ĥi and ĉ j are as described in (2.11) below.
(2.11) (1) ĥi = {e2i−1 = (Sq0)i(e1)} ∈ Ext0,2
i−1
A (P ), i  1.
(2) ĉi = {(Sq0)i(e2λ23)} ∈ Ext2,2
i+3+2i+1+2i−1
A (P ), i  0.
(3) d̂i = {(Sq0)i(e6λ2λ23 + e4λ0λ7λ3 + e2λ2λ7λ3 + e1λ5λ1λ7)} ∈ Ext3,2
i+4+2i+1−1
A (P ), i  0,
(4) êi = {(Sq0)i(e8λ33 + e4λ5λ1λ7 + e3λ8λ23 + e2λ23λ9)} ∈ Ext3,2
i+4+2i+2+2i−1
A (P ), i  0,
(5) f̂ i = {(Sq0)i(e4λ0λ27 + e3(λ9λ23 + λ23λ9) + e2λ2λ27)} ∈ Ext3,2
i+4+2i+2+2i+1−1
A (P ), i  0.
(6) ĝi+1 = {(Sq0)i(e6λ0λ27 + e5(λ9λ23 + λ23λ9) + e3λ11λ23 + e3λ5λ9λ3)} ∈ Ext3,2
i+4+2i+3−1
A (P ), i  0.
(7) p̂i = {(Sq0)i(e14λ5λ27 + e10λ9λ27 + e6λ5λ15λ7)} ∈ Ext3,2
i+5+2i+2+2i−1
A (P ), i  0.
(8) D̂3(i) = {(Sq0)i(e22λ1λ7λ31 + e16λ315 + e14λ9λ7λ31)} ∈ Ext3,2
i+6+2i−1
A (P ), i  0.
(9) p̂′i = {(Sq0)i(e38λ1λ215 + e30λ9λ215 + e28λ11λ215 + e22λ17λ215 + e20λ19λ215 + e14λ1λ23λ31 + e12λ19λ7λ31)} ∈
Ext3,2
i+6+2i+3+2i−1
A (P ), i  0.
(10) α16(i) = {(Sq0)i(e2λ0λ27 + e1(λ9λ23 + λ23λ9))} ∈ Ext3,2
i+4+2i+2−1
A (P ), i  0.
(11) α21(i) = {(Sq0)i(e2λ5λ27)} ∈ Ext3,2
i+4+2i+3+2i−1
A (P ), i  0.
(12) ξ31(i) = {(Sq0)i(e12λ5λ27 + e10λ37 + e6λ21λ23 + e6λ7λ3λ15 + e3λ0λ5λ23)} ∈ Ext3,2
i+5+2i+1+2i−1
A (P ), i  0.
Theorem 2.12. ([6,7])




A (P ) for s  3 is generated by ĥi = 0 and ĉi = 0 in
(2.11)(1), (2.11)(2) subject only to the following relations:
ĥihi−1 = 0, ĥi+2h2i = ĥi+1h2i+1, ĥi+2hi+2hi = 0, ĥi+3hi+3h2i = 0, ĥi+2h2i+3hi = 0,
ĥic j = 0 for j = i − 2, i − 3, ĉih j = 0 for j = i − 1, i, i + 2, i + 3, ĉihi+1 = ĥi+1ci = 0.
(ii) The set of the classes d̂i , êi , f̂ i , ĝi+1 , p̂i , D̂3(i), p̂′i , α16(i), α21(i), ξ31(i) in (2.11)(3) through (2.11)(12) is a Z/2-base for the
indecomposable elements in Ext3,∗A (P ).
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decomposable element if it is in the image of the Ext∗,∗A -module map
Exts
′,∗
A (P ) ⊗ Exts
′′,∗
A
μ−→ Exts=s′+s′′,∗A (P ) for some s′′ > 0.
For each s > 0, the set Ds of all the decomposable elements in Ext
s,∗
A (P ) is a Z/2-submodule. An element β ∈ Exts,∗A (P ) is
an indecomposable element if its image β¯ in Exts,∗A (P )/Ds is non-zero. A set B of elements in Ext
s,∗
A (P ) is a Z/2-base for
the indecomposable elements in Exts,∗A (P ) if its image B¯ in Ext
s,∗
A (P )/Ds is a Z/2-base.
We proceed to the main work of this paper which is to do the differentials
E∗,4,∗r
dr−→ E∗,5,∗r . (∗∗∗)
The source elements in E∗,4,∗r are known by (2.4)(v). By (e), Ei,5,∗1 = Σ iExt5,∗A . Although the Ext groups Ext5,∗A are not
completely known, which essentially is what we are going to prove for Theorem 1.3, we may still make calculations to do
the differentials (∗∗∗) by induction on the internal degree t in Ext5,tA . We refer to Lin [6] for an explanation on this.
We have shown that there are 289 non-trivial differentials for (∗∗∗). Since it takes pages to describe them we will give
the complete list of these differentials in the ﬁnal section – Section 4. We will refer to this list as “(∗∗∗)-list”. The results in
the (∗∗∗)-list are obtained by making calculations in the same line as [4] and [6], but with more eﬃcient technical methods
on lambda algebra calculations due to the present author.
We take from this list some examples to illustrate how we compute these differentials. The examples are the following
differentials in the (∗∗∗)-list.
(4.1.4) e8m+4h30h3 → e8m−1P1h2.
(4.1.6) e25+nm+24+n−8h30h3 → e25+nm−8h30h3h4+n for m 1, n 1.
(4.1.29) e2km+2k−1+2k−2−2 j−1h2j h
2
k → e2km−2 j−1h2j ck−2 for m 1, 1 j < k − 4.
(4.1.251) e2 j+4m+2 j+3+2 j+2−1p j → e2 j+4m−2 j−1h j+3e j+1 for m 1, j  0.
We will compute the differential (4.1.4) for the ﬁrst case (m = 1):
(4.1.4)∗ e12h30h3 → e7P1h2
since the calculations for m 2 are similar. Likewise we will compute the differentials (4.1.6), (4.1.29), (4.1.251) for the ﬁrst
cases (n = 1, m = 1), ( j = 1, k = 6, m = 1), ( j = 0, m = 1) respectively which are
(4.1.6)∗ e88h30h3 → e56h30h3h5;
(4.1.29)∗ e109h21h26 → e61h21c4;
(4.1.251)∗ e27p0 → e14(h3e1 = h1g2).
In the next few paragraphs we make calculations on these differentials starting from (4.1.4)∗(1) till (4.1.251)∗(5). All the
computations for these differentials are performed in the differential Λ-module H˜∗(P ) ⊗ Λ.
First we compute (4.1.4)∗ . From the differential (2) for H˜∗(P ) ⊗ Λ we have the following:
(4.1.4)∗(1) δ(e12λ30λ7) = e11λ40λ7 + e10λ1λ30λ7 + e7λ4λ30λ7 + e6λ5λ30λ7.
In Λ, δ(B) = λ40λ7 where B = λ5λ31 + λ2λ4λ21 + λ2λ21λ4 + λ1λ2λ4λ1. Then
(4.1.4)∗(2) δ(e11B) = e11λ40λ7 + e7λ3B .
We have the following relations in H˜∗(P ) ⊗ Λ:
(4.1.4)∗(3) δ(e10λ2λ20λ7) = e10λ1λ30λ7 + e9(λ0λ2λ20λ7 = λ21λ20λ7) + e7λ22λ20λ7 + e6λ3λ2λ20λ7 + e5λ4λ2λ20λ7;
(4.1.4)∗(4) δ(e9λ1λ2λ0λ7) = e9λ21λ20λ7 + e7λ21λ2λ0λ7 + e5λ3λ1λ2λ0λ7,





0λ7 + e11B + e10λ2λ20λ7 + e9λ1λ2λ0λ7
)≡ e7(λ4λ30λ7 + λ3B + λ22λ20λ7 + λ21λ2λ0λ7) mod F (6).
By (1.1)(11), λ4λ3λ7 + λ3B + λ2λ2λ7 + λ2λ2λ0λ7 represents P1h2. So e12h3h3 → e7P1h2 and this is (4.1.4)∗ .0 2 0 1 0
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δ(e95λ40) which is easier and this is seen in (4.1.6)















0 + λ0λ5λ0 + λ20λ5
)+ e90(λ2λ4λ0 + λ2λ0λ4 + λ4λ0λ2)
+ e89
(
λ1λ2λ4 + λ2λ4λ1 + λ5λ21
))= e95λ40 + e88λ30λ7 + R87
where R87 is an element in F (87) ⊂ H˜∗(P ) ⊗ Λ. Since δ ◦ δ = 0, we see δ(e88λ30λ7 + R87) = δ(e95λ40) and δ(e95λ40) is simply
e63λ31λ40. So we have
(4.1.6)∗(1) δ(e88λ30λ7 + R87) = e63λ31λ40.
In Λ, δ(λ2i ) = λ2i−1λ0 + λ0λ2i−1 (i  1). Then we have the following relations in H˜∗(P ) ⊗ Λ.
(4.1.6)∗(2) (i) δ(e63B1) = e63λ31λ40 + e63λ40λ31 where B1 = λ32λ30 + λ0λ32λ20 + λ20λ32λ0 + λ30λ32.
(ii) δ(e64λ30λ31) ≡ e63λ40λ31 + e62λ1λ30λ31 + e60λ3λ30λ31 + e56λ7λ30λ31 mod F (55).
(iii) δ(e62λ2λ20λ31) ≡ e62λ1λ30λ31 + e61(λ0λ2λ20λ31 = λ21λ20λ31) + e59λ22λ20λ31 mod F (55).
(iv) δ(e61λ1λ2λ0λ31) ≡ e61λ21λ20λ31 + e59λ21λ2λ0λ31 mod F (55).
(v) δ(e60B2) ≡ e60λ3λ30λ31 + e60(λ30λ3 = λ0λ31 = 0)λ31 + e59λ0B2 + e58λ1B2 mod F (55) where B2 = (λ4λ20 +
λ0λ4λ0 + λ20λ4)λ31.
From (4.1.6)∗(1) and (4.1.6)∗(2) we obtain the following:
(4.1.6)∗(3) δ(e88λ30λ7 + R87 + e64λ30λ31 + e63B1 + e62λ2λ20λ31 + e61λ1λ2λ0λ31 + e60B2) ≡ e59(λ0B2 + λ22λ20λ31 + λ21λ2λ0λ31)+
e58λ1B2 + e56λ7λ30λ31 mod F (55)
where B1 is as in (4.1.6)∗(2)(i) and B2 is as in (4.1.6)∗(2)(v).
We want to show e59(λ0B2 + λ22λ20λ31 + λ21λ2λ0λ31) + e58λ1B2 is a boundary mod F (55). To this end we note that in Λ
there is a relation
δ
(
B3 = λ5λ20λ31 + λ0λ5λ0λ31 + λ20λ5λ31
)= λ0B2 + λ22λ20λ31 + λ21λ2λ0λ31.
So we have the following.
(4.1.6)∗(4) δ(e59B3) ≡ e59(λ0B2 + λ22λ20λ31 + λ21λ2λ0λ31) mod F (55).
By straightforward calculations we ﬁnd that
δ
(
B4 = λ2λ4λ0λ31 + λ2λ0λ4λ31 + λ4λ21λ31
)= λ1B2 in Λ.
So we have
(4.1.6)∗(5) δ(e58B4) ≡ e58λ1B2 + e57λ0B4 mod F (55).
In Λ we have δ(B5 = λ1λ2λ4λ31 + λ2λ4λ1λ31 + λ5λ21λ31) = λ0B4. So we get
(4.1.6)∗(6) δ(e57B5) ≡ e57λ0B4 mod F (55).
Let R64 = e64λ30λ31 + e63B1 + e62λ2λ20λ31 + e61λ1λ2λ0λ31 + e60B2 + e59B3 + e58B4 + e57B5 + e56B6. From (4.1.6)∗(3) through





0λ7 + R87 + R64
)≡ e56λ7λ30λ31 mod F (55) where R87 ∈ F (87), R64 ∈ F (64).
This implies that, in our spectral sequence, {Ei,s,tr } e88h30h3 → e56h30h3h5 and this is (4.1.6)∗ .
We proceed to compute the differential (4.1.29)∗ . We will compute this differential by using the chain map φ of (2.2).
Consider e109λ21λ
2




63 = λ109λ21λ263 + R108 in Λ where R108 ∈ Λ(108). By (2.2)(1) and (2.2)(2) we have
φ(λ20λ111λ
2






2 ))= δ(φ(λ2λ111λ2 ))= δ(e109λ2λ2 + R ′ ) in H˜∗(P ) ⊗ Λ.0 63 0 63 1 63 108
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2
63) = (λ20λ95λ15λ263 = 0) + λ20λ63λ47λ263. Since λ20λ63λ47λ263 ≡ λ61λ21λ47λ263 mod Λ(60), we get φ(λ20λ63 ×
λ47λ
2
63) ≡ e61λ21λ47λ263 mod F (60) again by (2.2)(1) and (2.2)(2). This implies that δ(e109λ21λ263 + R ′108) = φ(δ(λ20λ111λ263)) =
φ(λ20λ63λ47λ
2
63) ≡ e61λ21λ47λ263 mod F (60). Since c4 = {λ47λ263}, we obtain the differential e109h21h26 → e61h21c4. This proves
(4.1.29)∗ .
Finally we compute (4.1.251)∗ . Let A1 = λ19λ27 + λ27λ19 and p∗0 = λ0A1. We have δ(A1) = λ21λ215 and δ(p∗0) = 0 in Λ.
p∗0 represents p0 ∈ Ext4,37A ((1.1)(7)). Consider e27p∗0. We have the following in H˜∗(P ) ⊗ Λ.
(4.1.251)∗(1) δ(e27p∗0) = e23λ3p∗0 + e15λ11p∗0.
By straightforward calculations we have the relation in Λ:
δ
(
C1 = λ4A1 + λ0λ11λ19λ7 + λ0λ23λ27
)= λ3λ0A1 = λ3p∗0 where A1 = λ19λ27 + λ27λ19.
This implies
(4.1.251)∗(2) δ(e23C1) = e23λ3p∗0 + e15λ7C1.
From (4.1.251)∗(1) and (4.1.251)∗(2) we get
(4.1.251)∗(3) δ(e27p∗0 + e23C1) = e15(λ11p∗0 + λ7C1) in H˜∗(P ) ⊗ Λ.
Again by direct computations we ﬁnd
δ
(
C2 = λ12A1 + λ8λ23λ27 + λ8λ11λ19λ7
)= (λ11p∗0 + λ7C1)+ λ0g∗2 in Λ
where g∗2 = λ13λ1λ215 + λ11A1 + λ7(λ23λ27 + λ11λ19λ7) is a cycle representing g2 ∈ Ext4,48A . Thus
(4.1.251)∗(4) δ(e15C2) = e15(λ11p∗0 + λ7C1) + e15λ0g∗2.
It is straightforward that
(4.1.251)∗(5) δ(e16g∗2) = e15λ0g∗2 + e14λ1g2 + e12λ3g∗2 + e8λ7g∗2.





0 + e23C1 + e15C2 + e16g∗2
)≡ e14h1g2 mod F (13).
This implies that, in our spectral sequence {Ei,s,tr }, e27p0 → e14h1g2 and this is the differential (4.1.251)∗ .
This completes our illustrations of computing the differentials in the (∗∗∗)-list.
In the remainder of this section we infer from (∗∗∗)-list a Z/2-base for E∗,4,∗∞ from which we will describe Ext4,∗A (P )
including a Z/2-base for the indecomposable elements of Ext4,∗A (P ) (Theorem 2.15 later).
To obtain E∗,4,∗∞ , we use the process (2.10). From the differentials in the (∗∗∗)-list in Section 4 we obtain a Z/2-base
B4 for E
∗,4,∗∞ by the process described in (2.10) (by which E∗,s¯,∗∞ for 0 s¯  3 are obtained as in (4) from the differentials
(2.5) through (2.8)). B4 consists of all the elements on the left sides of the correspondences “↔” in the list (2.13.l j) below
in the next several pages right after the following two paragraphs. In this list j ranges from 1 to 120 that means that the
elements in B4 are listed in 120 groups. We take group (2.13.l2) and group (2.13.l3) to explain how we list these groups of
elements in B4.
First we explain (2.13.l3). The meaning of “e24+n−8h30h3 ↔ ĥ4+nh40, n 0 for l3 = 5,6” in (2.13.l3) is described as follows.
From (∗∗∗)-list in Section 4 we have the following differentials (4.1.5) and (4.1.6):
(4.1.5) e32m+8h30h3 → e32m−16h30h24 for m 1.
(4.1.6) e25+nm+24+n−8h30h3 → e25+nm−8h30h3h4+n for m 1, n 1.
Upon putting m = 0 in them we get e8h30h3 → 0 and e24+n−8h30h3 → 0 for n  1 (by process (2.10)) and these two can be
put together in just one formula “e24+n−8h30h3 → 0 for n 0”. So e24+n−8h30h3 is a basis element in E∗,4,∗∞ for n 0. For each
n  0, this element in E∗,4,∗∞ represents {e24+n−8h30h3} = ĥ4+nh40 ∈ Ext4,∗A (P ) in the sense that ĥ4+nh40 has ﬁltration 24+n − 8
in the spectral sequence {E∗,∗,∗r } for Ext∗,∗(P ) and there it projects to h3h3. Indeed we haveA 0














0 + λ0λ5λ0 + λ20λ5
)+ e24+n−6(λ2λ4λ0 + λ2λ0λ4 + λ4λ0λ2)
+ e24+n−7
(
λ1λ2λ4 + λ2λ4λ1 + λ5λ21
)]≡ e24+n−1λ40 + e24+n−8λ7λ30 mod F (24+n − 9) in H˜∗(P ) ⊗ Λ. (5)
Note that ĥ4+nh40 is a decomposable element in Ext
4,∗
A (P ).
The meaning of “e4h30h3 ↔ P̂1h2 for l2 = 4” in (2.13.l2) is similarly explained. We have “e4h30h3 → 0” which is obtained
by putting m = 0 in the differential
(4.1.4) e8m+4h30h3 → e8m−1P1h2
of the (∗∗∗)-list in Section 4. e4h30h3 no longer represents a decomposable element in Ext4,15A (P ); it represents an indecom-
posable element there called P̂1h2.
(2.13.l1) e2h30h3 ↔ P̂1h1 for l1 = 3.
(2.13.l2) e4h30h3 ↔ P̂1h2 for l2 = 4.
(2.13.l3) e24+n−8h30h3 ↔ ĥ4+nh40, n 0 for l3 = 5,6.
(2.13.l4) e2l−1h3j hk ↔ ĥlh3j hk , 1 l j − 1 < k − 3 for l4 = 8,17,19,20.
(2.13.l5) e2n−2 j−2 j−1−1h3j hk ↔ ĥnh3j−1hk , 3 j + 2 n k, j < k − 2 for l5 = 9,10,11,12,15.
(2.13.l6) e2k+n−2k−1−2 j−2 j−1−1h3j hk ↔ ĥk+nh3j−1hk−1, n 1, 1 j < k − 2 for l6 = 13,14.
(2.13.l7) e2 j+1+2 j−2−1h3j hk ↔ ê j−2hk , 2 j < k − 2 for l7 = 16.
(2.13.l8) e2 j−2+2 j−3−1h3j hk ↔ ĉ j−3h j+1hk , 3 j < k − 2 for l8 = 18.
(2.13.l9) e2l−1h2j h
2
k ↔ ĥlh2j h2k , 1 l j < k − 3 for l9 = 22,35,36,38.
(2.13.l10) e2n−2 j−1h2j h
2
k ↔ ĥnh2j−1h2k , 3 j + 2 n k, j < k − 3 for l10 = 23,24,26–28,30,32.
(2.13.l11) e2k−1+2k−2−2 j−1h2j h
2
k ↔ ĉk−2h2j−1, 1 j < k − 3 for l11 = 25,29.
(2.13.l12) e2 j+5+2 j+3−2 j−1h2j h
2
j+4 ↔ T̂ j−1, j  1 for l12 = 31.
(2.13.l13) e2k+1+n−2k−2 j−1h2j h
2
k ↔ ĥk+1+nh2j−1h2k−1, n 1, 1 j < k − 3 for l13 = 33,34.
(2.13.l14) e2 j−1+2 j−2−1h2j h
2
k ↔ ĉ j−2h2k , 2 j < k − 3 for l14 = 37.
(2.13.l15) e2l−1h2j hkhi ↔ ĥlh2j hkhi , 1 l j < k − 2 < i − 3 for l15 = 40,52,54,55.
(2.13.l16) e2n−2 j−1h2j hkhi ↔ ĥnh2j−1hkhi , 3 j + 2 n k, j < k − 2 < i − 3 for l16 = 41,42,48–50.
(2.13.l17) e2n−2k−1−2 j−1h2j hkhi ↔ ĥnh2j−1hk−1hi , k + 1 n i, 1 j < k − 2 < i − 3 for l17 = 43,44,47.
(2.13.l18) e2i+n+1−2i−1−2k−1−2 j−1h2j hkhi ↔ ĥi+n+1h2j−1hk−1hi−1, n 0, 1 j < k − 2 < i − 3 for l18 = 45,46.
(2.13.l19) e2 j+4+2 j+3−2 j−1h2j h j+3h j+5 ↔ K̂ j−1, j  1 for l19 = 51.
(2.13.l20) e2 j−1+2 j−2−1h2j hkhi ↔ ĉ j−2hkhi , 2 j < k − 2< i − 3 for l20 = 53.
(2.13.l21) e2l−1h jh2khi ↔ ĥlh jh2khi , 1 l j < k − 2 < i − 4 for l21 = 56,58,61,62,80.
(2.13.l22) e2 j+2+2 j−1h jh2j+3hi ↔ f̂ jhi , 0 j < i − 5 for l22 = 57.
(2.13.l23) e2 j+1+2 j−1h jh2j+3hi ↔ α16( j)hi , 0 j < i − 5 for l23 = 59.
(2.13.l24) e2 j+2+2 j+1+2 j−1h jh2j+3hi ↔ ĝ j+1hi , 0 j < i − 5 for l24 = 60.
(2.13.l25) e2n−2 j−1−1h jh2khi ↔ ĥnh j−1h2khi , 2 j + 1 n k, j < k − 2< i − 4 for l25 = 63,64,66,67,69,70,72.
(2.13.l26) e2k−1+2k−2−2 j−1−1h jh2khi ↔ ĉk−2h j−1hi , 1 j < k − 3 < i − 5 for l26 = 65,68.
(2.13.l27) e2 j+4+2 j+2−2 j−1−1h jh2j+3hi ↔ p̂′j−1hi , 1 j < i − 5 for l27 = 71.
(2.13.l28) e2n−2k−2 j−1−1h jh2khi ↔ ĥnh j−1h2k−1hi , k + 2 n i, 1 j < k − 2 < i − 4 for l28 = 73–76,79.
(2.13.l29) e2i+1+n−2i−1−2k−2 j−1−1h jh2khi ↔ ĥi+1+nh j−1h2k−1hi−1, n 0, 1 j < k − 2 < i − 4 for l29 = 77,78.
(2.13.l30) e2l−1h jhkh2i ↔ ĥlh jhkh2i , 1 l j < k − 1 < i − 3 for l30 = 81,82,108.
(2.13.l31) e2n−2 j−1−1h jhkh2i ↔ ĥnh j−1hkh2i , 2 j + 1 n k, j < k − 1< i − 3 for l31 = 83,84,86,89–92,107.
(2.13.l32) e2k+2+2k−2 j−1−1h jhkh2k+3 ↔ f̂kh j−1, 1 j < k − 1 for l32 = 85.
(2.13.l33) e2k+1+2k−2 j−1−1h jhkh2k+3 ↔ α16(k)h j−1, 1 j < k − 1 for l33 = 87.
(2.13.l34) e2k+2+2k+1+2k−2 j−1−1h jhkh2k+3 ↔ ĝk+1h j−1, 1 j < k − 1 for l34 = 88.
(2.13.l35) e2n−2k−1−2 j−1−1h jhkh2i ↔ ĥnh j−1hk−1h2i , k + 1 n i, 1 j < k − 1< i − 3 for l35 = 93,95–99,101,104.
(2.13.l36) e2i−1+2i−2−2k−1−2 j−1−1h jhkh2i ↔ ĉi−2h j−1hk−1, 1 j < k − 1< i − 3 for l36 = 94,100.
(2.13.l37) e2k+4+2k+2−2k−1−2 j−1−1h jhkh2 ↔ p̂′ h j−1, 1 j < k − 1 for l37 = 102,103.k+3 k−1
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(2.13.l39) e2l−1h jh3k ↔ ĥlh jh3k , 1 l j < k − 3 for l39 = 109,111,114,115,128.
(2.13.l40) e2 j+2+2 j−1h jh3j+4 ↔ f̂ jh j+5, j  0 for l40 = 110.
(2.13.l41) e2 j+1+2 j−1h jh3j+4 ↔ α16( j)h j+5, j  0 for l41 = 112.
(2.13.l42) e2 j+2+2 j+1+2 j−1h jh3j+4 ↔ ĝ j+1h j+5, j  0 for l42 = 113.
(2.13.l43) e2n−2 j−1−1h jh3k ↔ ĥnh j−1h3k , 2 j + 1 n k − 1, j < k − 3 for l43 = 116,117,119–121,124,127.
(2.13.l44) e2k−2+2k−3−2 j−1−1h jh3k ↔ ĉk−3h j−1hk+1, 1 j < k − 3 for l44 = 118,122.
(2.13.l45) e2k+1+2k−2−2 j−1−1h jh3k ↔ êk−2h j−1, 1 j < k − 3 for l45 = 123.
(2.13.l46) e2k+2+n−2k−2k−1−2 j−1−1h jh3k ↔ ĥk+2+nh j−1h3k−1, n 0, 1 j < k − 3 for l46 = 125,126.
(2.13.l47) e2l−1h jhkhihp ↔ ĥlh jhkhihp , 1 l j < k − 1 < i − 2 < p − 3 for l47 = 129,130,153.
(2.13.l48) e2n−2 j−1−1h jhkhihp ↔ ĥnh j−1hkhihp , 2 j + 1 n k, j < k − 1 < i − 2 < p − 3 for l48 = 131–134,151.
(2.13.l49) e2n−2k−1−2 j−1−1h jhkhihp ↔ ĥnh j−1hk−1hihp , k+1 n i, 1 j < k−1 < i−2 < p−3 for l49 = 135–138,147,148.
(2.13.l50) e2n−2i−1−2k−1−2 j−1−1h jhkhihp ↔ ĥnh j−1hk−1hi−1hp , i + 1  n  p, 1  j < k − 1 < i − 2 < p − 3 for l50 =
139–142,145,146.
(2.13.l51) e2p+n−2p−1−2i−1−2k−1−2 j−1−1h jhkhihp ↔ ĥp+nh j−1hk−1hi−1hp−1, n  1, 1  j < k − 1 < i − 2 < p − 3 for l51 =
143,144.
(2.13.l52) e2k+3+2k+2−2k−1−2 j−1−1h jhkhk+2hk+4 ↔ D̂3(k − 1)h j−1, 1 j < k − 1 for l52 = 149,150.
(2.13.l53) e2 j+3+2 j+2−2 j−1−1h jh j+2h j+4hp ↔ D̂3( j − 1)hp , 1 j < p − 5 for l53 = 152.
(2.13.l54) e2 j+2+2 j+1−1h j+1c j ↔ d̂ jh j , j  0 for l54 = 154,155.
(2.13.l55) e2l−1h j+1c j ↔ ĥlc jh j+1, 1 l j for l55 = 158,160,165,169.
(2.13.l56) e2 j+2+2 j+2 j−1−1h j+1c j ↔ ξ31( j − 1)h j , j  1 for l56 = 161.
(2.13.l57) e2 j+3+n−2 j+3+2 j+2 j−1−1h j+1c j ↔ ĥ j+3+nh jc j−1, n 0, j  1 for l57 = 162,163.
(2.13.l58) e2 j+2+2 j−1h j+1c j ↔ n̂ j−1, j  1 for l58 = 157.
(2.13.l59) e2 j+2+2 j−1−1h j+1c j ↔ δ30( j − 1), j  1 for l59 = 159.
(2.13.l60) e2 j+2 j−2−1h j+1c j ↔ D̂1( j − 2), j  2 for l60 = 164.
(2.13.l61) e2 j−1+2 j−2−1h j+1c j ↔ γ50( j − 2), j  2 for l61 = 166.
(2.13.l62) e2 j+2−2 j−2−1h j+1c j ↔ Ĥ1( j − 2), j  2 for l62 = 168.
(2.13.l63) e2l−1h jck ↔ ĥlh jck , 1 l j < k − 1 for l63 = 170,171,189.
(2.13.l64) e2n−2 j−1−1h jck ↔ ĥnh j−1ck , 2 j + 1 n k + 1, j < k − 1 for l64 = 172,173,177,178,183,184,187,188.
(2.13.l65) e2k+3+n−2k+3+2k+1+2k−1−2 j−1−1h jck ↔ ĥk+3+nh j−1ck−1, n 0, 1 j < k − 1 for l65 = 174,175.
(2.13.l66) e2k+3−2k+1+2k−1−2 j−1−1h jck ↔ ξ31(k − 1)h j−1, 1 j < k − 1 for l66 = 176.
(2.13.l67) e2k+2k−1−2 j−1−1h jck ↔ α21(k − 1)h j−1, 1 j < k − 1 for l67 = 179.
(2.13.l68) e2 j+4+2 j+2+2 j+1−2 j−1−1h jc j+2 ↔ δ128( j − 1), j  1 for l68 = 180.
(2.13.l69) e2k+3−2k−1−2 j−1−1h jck ↔ p̂k−1h j−1, 1 j < k − 1 for l69 = 181,182.
(2.13.l70) e2k+3−2k−2 j−1−1h jck ↔ d̂kh j−1, 1 j < k − 1 for l70 = 185,186.
(2.13.l71) e2l−1c jhk ↔ ĥlc jhk , 1 l j + 1 < k − 2 for l71 = 190,193,197,208.
(2.13.l72) e2 j+3−2 j−1c jhk ↔ d̂ jhk , 0 j < k − 4 for l72 = 191.
(2.13.l73) e2 j+4−2 j−1c jh j+4 ↔ x̂ j , j  0 for l73 = 192.
(2.13.l74) e2 j+2 j−1−1c jhk ↔ α21( j − 1)hk , 1 j < k − 3 for l74 = 194.
(2.13.l75) e2 j+3−2 j−1−1c jhk ↔ p̂ j−1hk , 1 j < k − 4 for l75 = 195.
(2.13.l76) e2 j+4−2 j−1−1c jh j+4 ↔ ê j+1h j−1, j  1 for l76 = 196.
(2.13.l77) e2n−2 j+3+2 j+1+2 j−1−1c jhk ↔ ĥnc j−1hk , 4 j + 3 n k, j < k − 3 for l77 = 198,199,202–205.
(2.13.l78) e2k+1+n−2k−1−2 j+3+2 j+1+2 j−1−1c jhk ↔ ĥk+1+nc j−1hk−1, n 0, 1 j < k − 4 for l78 = 200,201.
(2.13.l79) e2 j+3−2 j+1+2 j−1−1c jhk ↔ ξ31( j − 1)hk , 1 j < k − 3 for l79 = 206,207.
(2.13.l80) e2l−1d j ↔ ĥld j , 1 l j + 2 for l80 = 209–211,213,218,221.
(2.13.l81) e2 j+1+2 j−1d j ↔ γ37( j − 1), j  1 for l81 = 214.
(2.13.l82) e2 j+4+n−2 j+3−2 j−1d j ↔ ĥ j+4+nd j−1, n 0, j  1 for l82 = 215,216.
(2.13.l83) e2 j+4−2 j−1d j ↔ γ61( j − 1), j  1 for l83 = 217.
(2.13.l84) e2 j+2 j−1−1d j ↔ ξ31( j − 1)h j+1, j  1 for l84 = 219.
(2.13.l85) e2 j+2−2 j−1−1d j ↔ ξ31( j − 1)h j+2, j  1 for l85 = 220.
(2.13.l86) e2l−1e j ↔ ĥle j , 1 l j + 2 for l86 = 222–225,227,228,234.
(2.13.l87) e2 j+2 j−1−1e j ↔ α40( j − 1), j  1 for l87 = 229.
(2.13.l88) e2 j+4+n−2 j+4+2 j+2+2 j+2 j−1−1e j ↔ ĥ j+4+ne j−1, n 0, j  1 for l88 = 230,231.
(2.13.l89) e2l−1 f j ↔ ĥl f j , 1 l j + 2 for l89 = 235,236,238,244.
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(2.13.l91) e2 j+3+2 j+2+2 j−1 f j ↔ φ65( j − 1), j  1 for l91 = 241.
(2.13.l92) e2 j+1+2 j−1 f j ↔ φ45( j − 1), j  1 for l92 = 242.
(2.13.l93) e2 j+3+2 j+2+2 j+1+2 j−1 f j ↔ p̂′j−1h j−1, j  1 for l93 = 243.
(2.13.l94) e2l−1g j+1 ↔ ĥl g j+1, 1 l j + 2 for l94 = 244,246,249.
(2.13.l95) e2 j+4+n−2 j+4+2 j+2−1g j+1 ↔ ĥ j+4+n g j , n 1, j  1 for l95 = 247.
(2.13.l96) e2 j+3+2 j+2−1g j+1 ↔ Q̂ 3( j − 1), j  1 for l96 = 248.
(2.13.l97) e2l−1p j ↔ ĥl p j , 1 l j + 3 except l = j + 1, j + 2 for l97 = 250,252,253,260.
(2.13.l98) e2 j+3+2 j+2−1p j ↔ ĝ j+2h j , j  0 for l98 = 251.
(2.13.l99) e2 j+2 j−1−1p j ↔ ĥ j+1p′j−1, j  1 for l99 = 254.
(2.13.l100) e2 j+2+2 j+2 j−1−1p j ↔ ρ80( j − 1), j  1 for l100 = 255.
(2.13.l101) e2 j+5+n−2 j+5+2 j+3+2 j+2+2 j+2 j−1−1p j ↔ ĥ j+5+np j−1, n 0, j  1 for l101 = 256,257.
(2.13.l102) e2 j+4+2 j+3+2 j+2+2 j+2 j−1−1p j ↔ Ĵ j−1, j  1 for l102 = 258.
(2.13.l103) e2 j+1+2 j+2 j−1−1p j ↔ ĥ j+3D3( j − 1), j  1 for l103 = 259.
(2.13.l104) e2l−1D3( j) ↔ ĥl D3( j), 1 l j + 3 for l104 = 261–264,267,275.
(2.13.l105) e2 j+1+2 j−1D3( j) ↔ γ63( j), j  0 for l105 = 265.
(2.13.l106) e2 j+2+2 j+1+2 j−1D3( j) ↔ δ67( j), j  0 for l106 = 266.
(2.13.l107) e2 j+2 j−1−1D3( j) ↔ γ128( j − 1), j  1 for l107 = 268.
(2.13.l108) e2 j+2−2 j−1−1D3( j) ↔ γ132( j − 1), j  1 for l108 = 269.
(2.13.l109) e2 j+3−2 j−1−1D3( j) ↔ γ140( j − 1), j  1 for l109 = 270.
(2.13.l110) e2 j+4−2 j−1−1D3( j) ↔ V̂ j−1, j  1 for l110 = 271.
(2.13.l111) e2 j+6−2 j−1−1D3( j) ↔ V̂ ′j−1, j  1 for l111 = 274.
(2.13.l112) e2 j+6+n−2 j+5−2 j−1−1D3( j) ↔ ĥ j+6+nD3( j − 1), n 0, j  1 for l112 = 272,273.
(2.13.l113) e2l−1p′j ↔ ĥl p′j , 1 l j + 4 except l = j + 2 for l113 = 276,277,279–281,289.
(2.13.l114) e2 j+4+2 j+3−1p′j ↔ ĝ j+3h j , j  0 for l114 = 278.
(2.13.l115) e2 j+1−2 j−1−1p′j ↔ δ144( j − 1), j  1 for l115 = 282.
(2.13.l116) e2 j+2−2 j−1−1p′j ↔ γ148( j − 1), j  1 for l116 = 283.
(2.13.l117) e2 j+4−2 j+2−2 j−1−1p′j ↔ γ164( j − 1), j  1 for l117 = 284.
(2.13.l118) e2 j+6−2 j+3+2 j+2−2 j−1−1p′j ↔ Û j−1, j  1 for l118 = 287.
(2.13.l119) e2 j+3−2 j−1−1p′j ↔ δ156( j − 1), j  1 for l119 = 288.
(2.13.l120) e2 j+6+n−2 j+5−2 j+2−2 j−1−1p′j ↔ ĥ j+6+np′j−1, n 0, j  1 for l120 = 285,286.
From the list (2.13.l j) above we will conclude in Theorem 2.15 below our result on the structure of Ext
4,∗
A (P ). Call this
list (2.13). So, (2.13) = {(2.13.l j) | 1 j  120}. Deﬁne complementary subsets (2.13)∗ and (2.13)∗∗ of (2.13) and also sets
(2.13)L , (2.13)R , (2.13)∗L , (2.13)∗R , (2.13)∗∗L , (2.13)∗∗R consisting of elements appearing in (2.13) as follows. “58–62” (resp.
105–111, 115–119) in Deﬁnition 2.14(1) below means the set of the consecutive numbers from 58 to 62 (resp. from 105 to
111, from 115 to 119).
Deﬁnition 2.14.
(1) (2.13)∗ = {(2.13.ll) | j = 1,2,12,19,58–62,68,73,81,83,87,91,92,96,100,102,105–111,115–119}.
(2) (2.13)∗∗ = (2.13) − (2.13)∗ .
(3) (2.13)L (resp. (2.13)R ) is the set of all the elements on the left sides (resp. the right sides) of the correspondences “↔”
in (2.13).
(4) (2.13)∗L , (2.13)∗R , (2.13)∗∗L , (2.13)∗∗R are similarly deﬁned. In particular, each element in (2.13)∗∗R is a decomposable
element of Ext4,∗A (P ).
We already have noted that (2.13)L , which was denoted by B4 earlier before the list (2.13), is a Z/2-base E
∗,4,∗∞ of the
spectral sequence {E∗,∗,∗r } for Ext4,∗A (P ). So (2.13)R = (2.13)∗R ∪ (2.13)∗∗R is a Z/2-base for Ext4,∗A (P ). We will also use Iˆ4 to
denote the set (2.13)∗R ⊂ Ext4,∗A (P ).
Theorem 2.15.
(i) Iˆ4 = (2.13)∗R is a Z/2-base for the indecomposable elements in Ext4,∗A (P ).
(ii) The set (2.13)∗∗R is a Z/2-base for the Z/2-submodule of decomposable elements of Ext
4,∗
A (P ).
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is roughly based on Theorem 2.15. “Roughly” means: the proof of Theorem 1.3 (in Section 3) will depend only on about a
half of Theorem 2.15. This half result is stated as follows.
Proposition 2.16. Given any basis element α∗∗ in (2.13)∗∗L ⊂ E∗,4,∗∞ . So α∗∗ appears on the left side of the correspondences “↔” in
some (2.13.l j). Then the decomposable element α∗ corresponding to α∗∗ on the right side of this “↔” is indeed represented by α∗∗ .
We make the following remark concerning the meaning of Proposition 2.16 that we will cite when we go to the proof of
Theorem 1.3 in Section 3, to which we also postpone our proof of this proposition.
Remark 2.17. The result (2.16) is weaker than that in (2.15)(ii). More precisely, the meaning of Proposition 2.16 is that
the set (2.13)∗∗R , which is claimed to be a Z/2-base for the Z/2-module D of decomposable elements for Ext
4,∗
A (P ) in
Theorem 2.15(ii), is linearly independent and is a subset of some Z/2-base for D . Equivalently, since (2.13)L is a Z/2-
base for E∗,4,∗∞ , any indecomposable element in Ext4,∗A (P ) can only be represented by elements in (2.13)
∗
L ⊂ E∗,4,∗∞ ((2.15)(i)
says that the set Iˆ4 = (2.13)∗R of the elements represented by those in (2.13)∗L exhausts all indecomposable elements in





t∗−→ Exts+1,t+1A which is onto for all t − s > 0.
In particular, indecomposable elements in Ext5,∗A must come from elements in Iˆ4 via t∗ .
In (2.18) below we give a cycle representation in H˜∗(P ) ⊗ Λ for each of the elements in Theorem 2.15(i) which will be
needed in the proof of Theorem 1.3 in Section 3. In (2.18), (2.13.l59) at the end of (2.18.3), for example, means that the
elements δ30(i) belong to the group (2.13.l59).
(2.18.1) P̂1h1 = {e2λ30λ7 + e1(λ5λ31 + λ2λ4λ21 + λ1λ2λ4λ1 + λ2λ21λ4)} ∈ Ext4,13A (P ). (2.13.l1)
(2.18.2) P̂1h2 = {e4λ30λ7 + e3(λ5λ31 + λ2λ4λ21 + λ1λ2λ4λ1 + λ2λ21λ4) + e2λ2λ20λ7 + e1λ1λ2λ0λ7} ∈ Ext4,15A (P ). (2.13.l2)
(2.18.3) δ30(i) = {(Sq0)i(e8λ3λ5λ27 + e4λ31λ23 + e2λ20λ5λ23 + e1[(λ4λ21 + λ21λ4)λ23 + λ10λ5λ27 + λ4λ7λ3λ15])} ∈
Ext4,2
i+5+2i+1+2i−1
A (P ) for i  0. (2.13.l59)
(2.18.4) n̂i = {(Sq0)i(e9λ3λ5λ27 + e6λ0λ3λ15λ7 + e3λ5λ1λ15λ7)} ∈ Ext4,2
i+5+2i+2−1
A (P ) for i  0. (2.13.l58)
(2.18.5) γ37(i) = {(Sq0)i(e5(λ13λ5λ27 + λ29λ27 + λ25λ15λ7) + e4λ0(λ19λ27 + λ27λ19) + e3λ9λ3λ15λ7 + e2λ2(λ19λ27 + λ27λ19) +
e2λ4λ1λ215 + e1λ5λ1λ215)} ∈ Ext4,2
i+5+2i+3+2i+1−1
A (P ) for i  0. (2.13.l81)
(2.18.6) x̂i = {(Sq0)i(e14λ2λ23λ15 + e12λ4λ37 + e8λ8λ37 + e6λ2λ23λ23 + e4λ4λ23λ23 + e2λ4λ1λ215)} ∈ Ext4,2
i+5+2i+3+2i+1−1
A (P ) for
i  0. (2.13.l73)
(2.18.7) α40(i) = {(Sq0)i(e2[λ17λ37 + λ9λ211λ7 + λ9λ15λ27 + λ5(λ19λ27 + λ27λ19)])} ∈ Ext4,2
i+5+2i+3+2i+2+2i−1
A (P ) for i  0.
(2.13.l87)
(2.18.8) φ45(i) = {(Sq0)i(e5[λ9λ1λ215 + λ7(λ19λ27 + λ27λ19) + λ25λ215] + e4λ0λ11λ215 + e3λ9λ7λ11λ15 + e2λ2λ11λ215)} ∈
Ext4,2
i+5+2i+4+2i+1−1
A (P ) for i  0. (2.13.l92)
(2.18.9) γ50(i) = {(Sq0)i(e2λ7λ11λ215)} ∈ Ext4,2
i+5+2i+4+2i+2+2i+1+2i−1
A (P ) for i  0. (2.13.l61)
(2.18.10) D̂1(i) = {(Sq0)i(e4λ7λ11λ215)} ∈ Ext4,2
i+5+2i+4+2i+3+2i−1
A (P ) for i  0. (2.13.l60)
(2.18.11) γ61(i) = {(Sq0)i(e29(λ13λ5λ27 + λ29λ27 + λ25λ15λ7) + e28λ0(λ19λ27 + λ27λ19) + e27λ9λ3λ15λ7 + e26λ2(λ19λ27 + λ27λ19) +
e26λ4λ1λ215 + e25λ5λ1λ215 + e23λ20λ15λ23 + e23λ17λ37 + e23λ9λ15λ27 + e23λ7λ9λ15λ7 + e23λ3λ5λ215 + e22λ6(λ19λ27 +
λ27λ19) + e22λ8λ1λ215 + e22λ2λ23λ31 + e21λ7(λ19λ27 + λ27λ19) + e21(λ19λ27 + λ27λ19)λ7 + e20λ0λ11λ215 + e19λ20λ11λ31 +
e19λ5λ215λ7 + e19λ7λ5λ215 + e19λ9λ7λ11λ15 + e18λ2λ11λ215 + e15λ1λ15λ23λ7 + e15λ8λ0λ15λ23 + e15λ0λ8λ15λ23 +
e15λ9λ215λ7 + e15λ11λ17λ3λ15 + e15λ11λ13λ15λ7 + e15λ11λ9λ11λ15 + e14λ10λ23λ31 + e14λ8λ1λ7λ31 + e14λ5λ0λ11λ31 +
e14λ4λ5λ7λ31 + e14λ3λ2λ11λ31 + e14λ6λ11λ215 + e14λ14(λ19λ27 + λ27λ19) + e14λ16λ1λ215 + e14λ2λ315 + e13λ15(λ19λ27 +
λ27λ19) + e13λ3λ27λ3λ15 + e13λ23λ35λ7 + e13λ15λ11λ15λ7 + e13λ0λ6λ11λ31 + e12λ8λ11λ215 + e11λ8λ0λ11λ31 +
e11λ0λ8λ11λ31 + e11λ31λ47 + e11λ13λ215λ7 + e11λ15λ5λ215 + e11λ17(λ19λ27 + λ27λ19) + e11λ20λ19λ31 + e10λ10λ11λ215 +
e7λ26λ11λ31 + e7λ4λ0λ19λ31 + e7λ0λ4λ19λ31 + e7λ4λ8λ11λ31 + e7λ11λ5λ7λ31 + e7λ7λ9λ7λ31 + e7λ17λ23λ31 +
e7λ9λ11λ3λ31 + e7λ5λ21λ47 + e7λ13λ15λ11λ15 + e7λ11λ13λ215 + e7λ17λ3λ19λ15 + e7λ9λ11λ19λ15 + e6c0λ47 +
e5λ21λ23λ31 + e3λ20λ11λ47)} ∈ Ext4,2
i+6+2i+1−1
A (P ) for i  0. (2.13.l83)
(2.18.12) Ĥ1(i) = {(Sq0)i(e14λ7λ11λ215 + e10λ211λ215 + e8λ1λ7λ31λ15 + e6λ7λ3λ31λ15 + e4λ5λ7λ31λ15)} ∈ Ext4,2
i+6+2i+1+2i−1
A (P )
for i  0. (2.13.l62)
(2.18.13) γ63(i) = {(Sq0)i(e2λ0λ23λ7λ31 + e1(λ9λ23 + λ23λ9)λ47 + e1(λ21λ11λ215 + λ9λ15λ7λ31) + e1λ20λ47λ15)} ∈
Ext4,2
i+6+2i+1+2i−1
A (P ) for i  0. (2.13.l105)
T.-W. Chen / Topology and its Applications 158 (2011) 660–689 675(2.18.14) φ65(i) = {(Sq0)i(e25[λ9λ1λ215 + λ7(λ19λ27 + λ27λ19) + λ25λ215] + e24λ0λ11λ215 + e23λ9λ7λ11λ15 + e22λ2λ11λ215 +
e21λ5λ9λ215 + e20λ4λ11λ215 + e20λ0λ315 + e19(λ9λ23 +λ23λ9)λ31 + e18λ2λ315 + e15λ7λ13λ215 + e14λ10λ11λ215 + e14λ6λ315 +
e13λ21λ1λ215 + e13λ15λ23λ27 + e13λ19(λ19λ27 + λ27λ19) + e13λ15λ11λ19λ7 + e13λ13λ9λ215 + e12λ8λ315 + e12λ12λ11λ215 +
e11λ19λ5λ215 + e11λ17λ11λ19λ7 + e11λ15λ9λ215 + e11λ11λ13λ215 + e11λ17λ215λ7 + e11λ33λ37 + e11λ25λ23λ23 +
e11λ21(λ19λ27 + λ27λ19) + e11λ9λ15λ23λ7 + e11λ13λ15λ11λ15 + e11λ20λ23λ31 + e11λ11λ5λ7λ31 + e11λ7λ9λ7λ31 +
e10λ10λ315 + e10λ2λ23λ47 + e9λ21λ23λ31 + e7(λ37λ37 + λ25λ19λ27 + λ21λ11λ19λ7 + λ17λ11λ215 + λ7λ21λ215) +
e7λ17λ15λ11λ15 + e7λ31λ1λ11λ15 + e7λ20λ11λ47 + e7λ5λ19λ3λ31 + e7λ4λ0λ23λ31 + e7λ0λ4λ23λ31 + e7λ7λ13λ7λ31 +
e7λ1λ15λ11λ31 + e6λ6λ23λ47 + e5λ21λ11λ47 + e5λ5λ1λ23λ31 + e3λ3λ5λ23λ31 + e3λ3λ9λ3λ47 + e3(λ9λ23 + λ23λ9)λ47 +
e3λ21λ11λ215 + e3λ9λ15λ7λ31)} ∈ Ext4,2
i+6+2i+2+2i+1−1
A (P ) for i  0. (2.13.l91)
(2.18.15) δ67(i) = {(Sq0)i(e6λ0λ23λ7λ31+e5λ9λ23λ47+e5λ23λ9λ47+e5λ21λ11λ215+e5λ9λ15λ7λ31+e5λ20λ47λ15+e3λ2λ0λ47λ15+
e3λ23λ11λ215 + e3λ11λ15λ23λ15 + e3λ11λ23λ47 + e3λ5λ9λ3λ47)} ∈ Ext4,2
i+6+2i+3−1
A (P ) for i  0. (2.13.l106)
(2.18.16) Q̂ 3(i) = {(Sq0)i(e23[λ13λ1λ215 + λ11(λ19λ27 + λ27λ19) + λ7λ11λ19λ7 + λ7λ23λ27] + e22λ0λ315 + e21(λ9λ23 + λ23λ9)λ31 +
e19λ11λ23λ31 + e19λ5λ9λ3λ31 + e17λ5λ315 + e15λ5λ9λ15λ23 + e15λ7λ11λ3λ31 + e14λ8λ315 + e13λ20λ23λ31 + e13(λ17λ3 +
λ9λ11)λ3λ31 + e13(λ11λ5 + λ7λ9)λ7λ31 + e11λ13λ9λ3λ31 + e11λ2λ0λ23λ31 + e11λ19λ23λ31 + e11λ29λ7λ31 +
e9λ13λ315 + e7λ15λ11λ3λ31 + e7λ11λ15λ3λ31 + e7λ6λ0λ23λ31 + e7λ9λ17λ3λ31 + e5λ9λ15λ7λ31 + e3λ11λ15λ7λ31)} ∈
Ext4,2
i+6+2i+3−1
A (P ) for i  0. (2.13.l96)
(2.18.17) ρ80(i) = {(Sq0)i(e10λ1(λ39λ215 + λ215λ39) + e6λ5(λ39λ215 + λ215λ39) + e6λ9λ3λ231)} ∈ Ext4,2
i+6+2i+4+2i+2+2i−1
A (P ) for
i  0. (2.13.l100)
(2.18.18) K̂ i = {(Sq0)i(e45λ21λ15λ63 + e44λ0λ3λ15λ63 + e42λ2λ3λ15λ63 + e39λ3λ5λ15λ63 + e38λ6λ3λ15λ63 + e31(λ11λ5 +
λ7λ9)λ15λ63 + e32λ0λ331 + e30(λ2λ15 + λ14λ3)λ15λ63 + e29(λ19λ27 + λ27λ19)λ63 + e29(λ17λ1 + λ1λ17)λ15λ63 +
e28(λ16λ3 + λ0λ19 + λ4λ15)λ15λ63 + e26(λ18λ3 + λ2λ19)λ15λ63 + e25λ215λ7λ63 + e24λ8λ331 + e23(λ19λ5 + λ11λ13 +
λ15λ9)λ15λ63 + e22(λ22λ3 + λ6λ19)λ15λ63 + e21λ11λ331 + e16λ16λ331 + e15λ11λ21λ15λ63 + e14λ14λ19λ15λ63)} ∈
Ext4,2
i+7+2i+1−1
A (P ) for i  0. (2.13.l19)
(2.18.19) γ128(i) = {(Sq0)i(e2λ1λ47λ15λ63)} ∈ Ext4,2i+7+2i+2+2i−1A (P ) for i  0. (2.13.l107)
(2.18.20) δ128(i) = {(Sq0)i(e42λ1λ23λ231 + e38λ5λ23λ231 + e30λ13λ23λ231 + e26λ17λ23λ231 + e24λ19λ23λ231 + e22λ21λ23λ231 +
e14λ5λ27λ95 + e7λ0λ19λ7λ95 + e12λ23λ47λ63 + e8λ7λ3λ47λ63)} ∈ Ext4,2
i+7+2i+2+2i−1
A (P ) for i  0. (2.13.l68)
(2.18.21) Ĵ i = {(Sq0)i(e58λ1(λ39λ215 + λ215λ39) + e54λ5(λ39λ215 + λ215λ39) + e54λ1λ11λ231 + e47λ0λ3λ31λ47 + e46λ13(λ39λ215 +
λ215λ39) + e46λ1λ19λ231 + e46λ5λ27λ63 + e39λ0λ19λ7λ63 + e31λ12λ15λ7λ63 + e31λ11λ0λ23λ63 + e31λ7λ4λ23λ63 +
e31(λ16λ3 + λ0λ19)λ31λ47 + e30λ21λ27λ63 + e30λ5λ23λ7λ63 + e30λ5λ331 + e30λ29(λ39λ215 + λ215λ39) + e30(λ33λ3 +
λ25λ11 + λ17λ19)λ231 + e24λ11λ331 + e23(λ16λ3 + λ0λ19)λ23λ63 + e23λ0λ35λ7λ63 + e15λ8λ3λ39λ63 + e15λ0λ27λ23λ63 +
e12λ23λ47λ63 + e8λ7λ3λ47λ63)} ∈ Ext4,2
i+7+2i+2+2i−1
A (P ) for i  0. (2.13.l102)
(2.18.22) γ132(i) = {(Sq0)i(e6λ1λ47λ15λ63 + e4λ3λ47λ15λ63)} ∈ Ext4,2i+7+2i+3+2i−1A (P ) for i  0. (2.13.l108)
(2.18.23) γ140(i) = {(Sq0)i(e14λ1λ47λ15λ63 + e12λ3λ47λ15λ63 + e8λ7λ47λ15λ63)} ∈ Ext4,2i+7+2i+4+2i−1A (P ) for i  0. (2.13.l109)
(2.18.24) T̂ i = {(Sq0)i(e77λ21λ231 + e76λ3λ0λ231 + e75λ22λ231 + e72λ7λ0λ231 + e71λ6λ2λ231 + e63(λ0λ16 + λ14λ2)λ231 + e62(λ17λ0 +
λ15λ2)λ
2
31 + e61λ16λ2λ231 + e60λ19λ0λ231 + e59λ18λ2λ231 + e56λ23λ0λ231 + e55λ22λ2λ231 + e48(λ31λ0λ31 + λ0λ231)λ31 +
e47λ0λ32λ231+e46λ33λ0λ231+e46(λ31λ2+λ2λ31)λ231+e45λ32λ2λ231+e45(λ19λ27+λ27λ19)λ63+e44(λ35λ0+λ4λ31)λ231+
e43(λ34λ2 +λ5λ31)λ231 +e41λ215λ7λ63 +e40(λ39λ0 +λ8λ31)λ231 +e39(λ38λ2 +λ9λ31)λ231 +e31λ16λ32λ231 +e31λ17λ331 +
e30λ18λ331 + e29λ35λ27λ63 + e29λ11λ31λ7λ63 + e29(λ23λ7λ19 + λ21λ47 + λ15λ19λ15)λ63 + e28(λ20λ215 + λ0λ3λ47)λ63 +
e27λ21λ331 + e26λ2λ3λ47λ63 + e25λ27λ39λ63 + e24λ24λ331 + e24λ0λ7λ47λ63 + e23λ1λ47λ7λ63 + e23λ3λ5λ47λ63 +
e23λ25λ331 + e22λ6λ3λ47λ63 + e22λ2λ7λ47λ63 + e21λ3λ47λ7λ63 + e20λ4λ7λ47λ63 + e15λ9λ7λ47λ63 + e15λ7λ9λ47λ63 +
e15λ15λ9λ39λ63 + e15λ17λ7λ39λ63 + e15λ9λ47λ7λ63 + e15λ11λ5λ47λ63 + e15λ25λ31λ7λ31 + e15λ23λ1λ39λ63 +
e14λ14λ3λ47λ63 + e14λ10λ7λ47λ63 + e13λ11λ47λ7λ63 + e13λ19λ7λ39λ63 + e12λ12λ7λ47λ63)} ∈ Ext4,2i+7+2i+4+2i+1−1A (P )
for i  0. (2.13.l12)
(2.18.25) δ144(i) = {(Sq0)i(e2λ1(λ79λ231 + λ231λ79))} ∈ Ext4,2
i+7+2i+4+2i+2+2i−1
A (P ) for i  0. (2.13.l115)
(2.18.26) γ148(i) = {(Sq0)i(e6λ1(λ79λ231 +λ231λ79)+ e4λ3(λ79λ231 +λ231λ79))} ∈ Ext4,2
i+7+2i+4+2i+3+2i−1
A (P ) for i  0. (2.13.l116)
(2.18.27) δ156(i) = {(Sq0)i(e14λ1(λ79λ231 + λ231λ79) + e12λ3(λ79λ231 + λ231λ79))} ∈ Ext4,2
i+7+2i+5+2i−1
A (P ) for i  0. (2.13.l119)
(2.18.28) V̂ i = {(Sq0)i(e30λ1λ47λ15λ63 + e28λ3λ47λ15λ63 + e24λ7λ47λ15λ63 + e16λ15λ47λ15λ63)} ∈ Ext4,2i+7+2i+5+2i−1A (P ) for
i  0. (2.13.l110)
(2.18.29) γ164(i) = {(Sq0)i(e22λ1(λ79λ231 + λ231λ79) + e20λ3(λ79λ231 + λ231λ79) + e14λ9(λ79λ231 + λ231λ79) + e14λ1λ23λ263 +
e12λ11(λ79λ231 + λ231λ79) + e12λ3λ23λ263)} ∈ Ext4,2
i+7+2i+5+2i+3+2i−1
A (P ) for i  0. (2.13.l117)
676 T.-W. Chen / Topology and its Applications 158 (2011) 660–689(2.18.30) V̂ ′i = {(Sq0)i(e126λ1λ47λ15λ63+e124λ3λ47λ15λ63+e120λ7λ47λ15λ63+e119λ0λ7λ263+e112λ15λ47λ15λ63+e112λ27λ263+
e111λ8λ7λ263 + e95λ24λ7λ263 + e87λ0λ7λ31λ127 + e80λ315λ127 + e79λ8λ7λ31λ127 + e63λ24λ7λ31λ127 + e63λ56λ7λ263 +
e63λ0λ47λ79λ63 + e62λ1λ47λ79λ63 + e60λ3λ47λ79λ63 + e56(λ7λ63λ95λ31 +λ39λ215λ127)+ e55(λ32λ7 +λ0λ39)λ31λ127 +
e48(λ39λ7 +λ7λ39)λ31λ127 + e48λ31λ47λ263 + e47(λ8λ39 +λ40λ7)λ31λ127 + e31λ24λ39λ31λ127)} ∈ Ext4,2
i+8+2i−1
A (P ) for
i  0. (2.13.l111)
(2.18.31) Û i = {(Sq0)i(e118λ1(λ79λ231 + λ231λ79) + e116λ3(λ79λ231 + λ231λ79) + e110λ9(λ79λ231 + λ231λ79) + e110λ1λ23λ263 +
e108λ3λ23λ263 + e108λ11(λ79λ231 + λ231λ79) + e103λ0λ215λ127 + e95λ8λ215λ127 + e95λ0λ7λ63λ95 + e94λ25(λ79λ231 +
λ231λ79) + e94λ1λ39λ263 + e94λ17λ23λ263 + e92λ27(λ79λ231 + λ231λ79) + e92λ3λ39λ263 + e88λ315λ127 + e87λ16λ215λ127 +
e78λ1λ23λ31λ127 + e76λ3λ23λ31λ127 + e63λ32λ7λ63λ95 + e63λ0λ39λ63λ95 + e63λ40λ215λ127 + e62λ17λ23λ31λ127 +
e62λ1λ39λ31λ127+e62λ57(λ79λ231+λ231λ79)+e62λ49λ23λ263+e62λ1λ71λ263+e62λ33λ39λ263+e60λ59(λ79λ231+λ231λ79)+
e60λ51λ23λ263+e60λ3λ71λ263+e60λ3λ39λ31λ127+e60λ35λ39λ263+e60λ19λ23λ31λ127+e56λ47λ215λ127+e55λ48λ215λ127+
e54λ1λ31λ47λ127 + e52λ3λ31λ47λ127 + e48λ23λ363 + e46λ33λ23λ31λ127 + e46λ1λ55λ31λ127 + e46λ9λ31λ47λ127 +
e44λ35λ23λ31λ127 + e44λ3λ55λ31λ127 + e32λ7λ63λ31λ127 + e31λ0λ7λ95λ127 + e30λ17λ55λ31λ127 + e30λ25λ31λ47λ127 +
e28λ27λ31λ47λ127 + e28λ19λ55λ31λ127)} ∈ Ext4,2i+8+2i+3+2i−1A (P ) for i  0. (2.13.l118)
3. Proof of Theorem 1.3
Theorem 1.3, about the indecomposable elements in Ext5,∗A , will be deduced from Theorem 2.15 by using (2.1) and
(2.2) (see Remark 2.17). Before doing this we give at this point the proof of Proposition 2.16 which is left unproved in
Section 2. The actual proof consists of a lot of calculations in the complexes Λ and H˜∗(P ) ⊗ Λ using (2.1) and (2.2). Here
we are going to give the proof by just illustrating our calculations for some sample examples. We already have given such





in (5) of Section 2. Here we will make calculations for three more examples which are:
(2.13.l11) e2k−1+2k−2−2 j−1h2j h
2
k ↔ ĉk−2h2j−1, 1 j < k − 3.
(2.13.l98) e2 j+3+2 j+2−1p j ↔ ĝ j+2h j , j  0.
(2.13.l99) e2 j+2 j−1−1p j ↔ ĥ j+1p′j−1, j  1.
From (2.1)(2) we see to prove them it suﬃces to prove the following.
(2.13.l11)′ e2l−1+2l−2−3h21h2l ↔ ĉl−2h20, l > 4.
(2.13.l98)′ e11p0 ↔ ĝ2h0.
(2.13.l99)′ e2p1 ↔ ĥ2p′0.
We prove (2.13.l99)′ ﬁrst since the calculation for it is rather direct. Let A2 = λ39λ215 + λ215λ39. ĥ2p′0 is represented by
the cycle e3λ0A2. We have δ(e10λ1λ231 + e8λ3λ231 + e6λ5λ231 + e4A2) = e3λ0A2 + e2λ1A2 in H˜∗(P ) ⊗ Λ. Since {λ1A2} = p1,
we see e2p1 ↔ ĥ2p′0 proving (2.13.l99)′ and hence (2.13.l99).





e2l−1+2l−2−1(λ2l−1λ2lλ0 + λ2l−1λ0λ2l + λ2lλ0λ2l−1 + λ0λ2lλ2l−1) + e2l−1+2l−2λ0λ22l−1 + e2l−1+2l−2−2λ2λ22l−1
)
≡ e2l−1+2l−2−1λ22l−1λ20 + e2l−1+2l−2−3λ21λ22l−1 mod F
(
2l−1 + 2l−2 − 4)
in H˜∗(P ) ⊗ Λ. This proves (2.13.l11)′ and hence (2.13.l11).
(2.13.l11)′ can also be proved by another method, called “trick” in [4]. The trick goes for this case as follows. cl−2 ∈ Ext3,∗A ,
that corresponds to ĉl−2 ∈ Ext2,∗A (P ), is represented by the cycle λ2l−1+2l−2−1λ22l−1 ∈ Λ3,∗ . So cl−2h20 = h20cl−2 ∈ Ext
5,∗
A is
represented by the cycle λ20λ2l−1+2l−2−1λ22l−1 ∈ Λ5,∗ in inadmissible form. It is easy to see from (a) in Section 1 that
λ20λ2l−1+2l−2−1λ22l−1 ≡ λ2l−1+2l−2−3λ21λ22l−1 mod Λ
(
2l−1 + 2l−2 − 4) in Λ.
From (2.1) and (2.2) we thus see that ĉl−2h20 is represented by a cycle in H˜∗(P ) ⊗ Λ of the form
e2l−1+2l−2−3λ21λ22l−1 + R with R ∈ F
(
2l−1 + 2l−2 − 4).
So e2l−1+2l−2−3h2h2 ↔ ĉl−2h2 for l > 4.1 l 0
T.-W. Chen / Topology and its Applications 158 (2011) 660–689 677To prove (2.13.l98)′ we also use the “trick” as follows. Let A1 = λ19λ27 + λ27λ19. g2 ∈ Ext4,∗A , that corresponds to ĝ2 ∈
Ext3,∗A (P ), is represented by λ13λ1λ
2
15 + λ11A1 + R1 with R1 ∈ Λ(10). So g2h0 = h0g2 ∈ Ext5,∗A is represented by the cycle





15 mod Λ(10). We have δ(A1) = λ21λ215 in Λ. So δ(λ12A1) ≡ λ12λ21λ215 + λ11λ0A1 mod Λ(10). We conclude that h0g2
is represented by a cycle of the form λ11λ0A1 mod Λ(10) in Λ. Again from (2.1) and (2.2) we see ĝ2h0 is represented by a
cycle in H˜∗(P )⊗ Λ of the form e11λ0A1 mod F (10). Since p0 = {λ0A1} it follows that e11p0 ↔ ĝ2h0. This proves (2.13.l98)′
and hence (2.13.l98).
Actually all (2.13.l j) in (2.13)∗∗ considered in Proposition 2.16 can be proved by the “trick” illustrated above. This
completes the proof of Proposition 2.16.
Now we proceed to prove Theorem 1.3.
Since the map Exts,tA (P )
t∗−→ Exts+1,t+1A in (2.1) is an Ext∗,∗A -module map, it maps decomposable elements to decomposable
elements. By (2.3), t∗ is onto for t − s > 0. Since indecomposable elements in Ext5,∗A occur only for t − 5 > 0 it follows that
they come from indecomposable elements in Ext4,∗A (P ) via t∗ . Let Iˆ4 = (2.13)∗R be the set of elements in Theorem 2.15(i)
(that claims Iˆ4 is a Z/2-base for indecomposable elements in Ext
4,∗
A (P )). From Remark 2.17, we see that we need to study
the image t∗( Iˆ4) ⊂ Ext5,∗A under Exts,tA (P ) t∗−→ Exts+1,t+1A in order to determine indecomposable elements in Ext5,∗A .
We will prove Theorem 1.3 in three steps given in Propositions 3.1, 3.2, and 3.3 below. (3.1) describes t∗( Iˆ4) and (3.2),
(3.3) give the conclusion for (1.3). To state them we recall that the set Iˆ4 ⊂ Ext4,∗A (P ) consists of the elements in (2.18.1)
through (2.18.31) where certain cycle representations for these elements are also given. Iˆ4 will be divided into four groups
of elements in Proposition 3.1. The ﬁrst group is Iˆ ′4 in (3.1)(i); the second group is the set of elements in (3.1)(ii); the third
group is Iˆ ′′4 in (3.1)(iii); the fourth group is the set of elements in (3.1)(iv).
Proposition 3.1.
(i) Let Iˆ ′4 ⊂ Iˆ4 ⊂ Ext4,∗A (P ) be the subset consisting of 13 families of the elements which are yˆ1 = P̂1h1 , yˆ2 = P̂1h2 , yˆ3(i) = n̂i ,
yˆ4(i) = x̂i , yˆ5 = D̂1(i), yˆ6(i) = Ĥ1(i), yˆ7(i) = Q̂ 3(i), yˆ8(i) = K̂ i , yˆ9(i) = Ĵ i , yˆ10(i) = T̂ i , yˆ11(i) = V̂ i , yˆ12(i) = V̂ ′i , yˆ13(i) = Û i
for i  0 in (2.18. j) for j = 1,2,4,6,10,12,16,18,21,24,28,30 and 31 respectively. Let
I5 =
⎧⎨⎩ y1 = P
1h1, y2 = P1h2, y3(i) = ni, y4(i) = xi, y5 = D1(i),
y6(i) = H1(i), y7(i) = Q 3(i), y8(i) = Ki, y9(i) = J i,
y10(i) = Ti, y11(i) = Vi, y12(i) = V ′i , y13(i) = Ui
∣∣∣ i  0
⎫⎬⎭⊂ Ext5,∗A
be as in Theorem 1.3 described in (1.1)(10) through (1.1)(22). Then Iˆ ′4 is mapped onto I5 under Ext
s,t
A (P )
t∗−→ Exts+1,t+1A ; more
precisely, t∗( yˆl) = yl for l = 1,2 and t∗( yˆk(i)) = yk(i) for 3 k 13 and all i  0.
(ii) Let δ67(i), δ128(i) and δ156(i) for i  0 be as in (2.18.15), (2.18.20) and (2.18.27) respectively. Then t∗(δ67(i)) = Q 3(i) = y7(i),
t∗(δ128(i)) = J i = y9(i), t∗(δ156(i)) = Vi = y11(i) for all i  0.
(iii) Let Iˆ ′′4 ⊂ Iˆ4 ⊂ Ext4,∗A (P ) be the subset consisting of the elements γ37(i), φ45(i), γ50(i), γ61(i), γ63(i), ρ80(i), γ128(i), γ132(i),
γ140(i), γ148(i) and γ164(i) for i  0 in (2.18. j) for j = 5,8,9,11,13,17,19,22,23,26 and 29 respectively. Then t∗(z) = 0 for
all z ∈ Iˆ ′′4 .
(iv) Let δ30(i), α40(i), φ65(i) and δ144(i) for i  0 be as in (2.18. j) for j = 3,7,14 and 25 respectively. Then t∗(δ30(i)) = h3i h2i+4 ,
t∗(α40(i)) = hi f i+1 , t∗(φ65(i)) = t∗(δ30(i + 1)) = h3i+1h2i+5 and t∗(δ144(i)) = hi pi+2 for all i  0.
That is, under Ext4,∗A (P )
t∗−→ Ext5,∗A , the ﬁrst group Iˆ ′4 of Iˆ4 gives rise to the Z/2-base I5 of indecomposable elements in
Theorem 1.3, the second group is mapped to a subset of I5, the third group is mapped to zero, and the fourth group is
mapped into the Z/2-module D5,∗ of decomposable elements in Ext5,∗A .
Proposition 3.2. The set I5 in Proposition 3.1(i) is linearly independent in Ext
5,∗
A .
Proposition 3.3. The set I5 in Proposition 3.1(i) is a Z/2-base for the indecomposable elements in Ext
5,∗
A .
We will give proofs of these propositions in the following order: (3.1), (3.2) and (3.3).
We begin by noting that, except for P̂1h1, P̂1h2 in Iˆ4 and P1h1, P1h2 in I5, all other elements in Iˆ4 or I5 are indexed
on i  0. From (2.1)(2) we see the following.
(∗) To prove (3.1) it suﬃces to prove the conclusions in (3.1)(i) through (3.1)(iv) for i = 0.
Let Iˆ4(0) be the subset of Iˆ4 consisting of P̂1h1, P̂1h2 and all the elements in (2.18.3) through (2.18.31) for i = 0. Thus
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⎧⎪⎨⎪⎩
P̂1h1, P̂1h2, δ30(0), n̂0, γ37(0), x̂0,α40(0),φ45(0), γ50(0), D̂1(0),
γ61(0), Ĥ1(0), γ63(0),φ65(0), δ67(0), Q̂ 3(0),ρ80(0), K0, γ128(0), δ128(0),
Ĵ0, γ132(0), γ140(0), T̂0, δ144(0), γ148(0), δ156(0), V̂0, γ164(0), V̂ ′0, Û0
⎫⎪⎬⎪⎭ .









For each w in Iˆ4(0) (resp. I5(0)) let w∗ denote the cycle representing the class w as given in (2.18) (resp. (1.1)). Let Iˆ4(0)∗
and I5(0)∗ be the sets of these cycles respectively. For example,
(3.4)
P̂1h1




1 + λ2λ4λ21 + λ1λ2λ4λ1 + λ2λ21λ4
) ∈ Iˆ4(0)∗,
Q̂ 3(0)







λ31 + e19λ11λ23λ31 + e19λ5λ9λ3λ31 + e17λ5λ315 + e15λ5λ9λ15λ23
+ e15λ7λ11λ3λ31 + e14λ8λ315 + e13λ20λ23λ31 + e13λ17λ23λ31 + e13λ9λ11λ3λ31
+ e13(λ11λ5 + λ7λ9)λ7λ31 + e11λ13λ9λ3λ31 + e11λ2λ0λ23λ31 + e11λ19λ23λ31 + e11λ29λ7λ31
+ e9λ13λ315 + e7λ15λ11λ3λ31 + e7λ11λ15λ3λ31 + e7λ6λ0λ23λ31 + e7λ9λ17λ3λ31
+ e5λ9λ15λ7λ31 + e3λ11λ15λ7λ31
) ∈ Iˆ4(0)∗.
(3.4)′




1 + λ1λ2λ4λ1 + λ2λ21λ4
) ∈ I5(0)∗,
Q 3(0)






)+ λ3λ23λ11λ215) ∈ I5(0)∗.
Recall, from (2.1)(1), that the Ext group map Exts,tA (P )
t∗−→ Exts+1,t+1A is induced by the chain map H˜∗(P ) ⊗ Λ t¯−→ Λ given
















λ31 + λ19λ11λ23λ31 + λ19λ5λ9λ3λ31 + λ17λ5λ315 + λ15λ5λ9λ15λ23
+ λ15λ7λ11λ3λ31 + λ14λ8λ315 + λ13λ20λ23λ31 + λ13λ17λ23λ31 + λ13λ9λ11λ3λ31
+ λ13(λ11λ5 + λ7λ9)λ7λ31 + λ11λ13λ9λ3λ31 + λ11λ2λ0λ23λ31 + λ11λ19λ23λ31 + λ11λ29λ7λ31
+ λ9λ13λ315 + λ7λ15λ11λ3λ31 + λ7λ11λ15λ3λ31 + λ7λ6λ0λ23λ31 + λ7λ9λ17λ3λ31
+ λ5λ9λ15λ7λ31 + λ3λ11λ15λ7λ31
) ∈ Λ.
We have made computations (by formulae (a) and (b) in Section 1) to obtain the following equations in Λ described in
(3.1)(i), (3.1)(ii), (3.1)(iii) and (3.1)(iv) below which give the proofs of (3.1)(i), (3.1)(ii), (3.1)(iii) and (3.1)(iv) respectively.






(3) t¯( n̂∗0 ) = n∗0,
(4) t¯( x̂∗0 ) = x∗0,
(5) t¯(D̂1(0)∗) = D1(0)∗ ,
(6) t¯(Ĥ1(0)∗) = H1(0)∗ ,





λ9λ17λ27λ15 + λ7λ11λ19λ31 + λ3 λ23 + λ7λ5λ9λ47) = t¯(Q̂ 3(0)∗) + Q 3(0)∗ ,15
T.-W. Chen / Topology and its Applications 158 (2011) 660–689 679(8) δ(λ43λ5λ15λ63+λ39λ9λ15λ63+λ31λ17λ15λ63+λ33λ331+λ23λ25λ15λ63+λ27λ21λ15λ63+λ1λ23λ39λ63) = t¯(K̂ ∗0 )+
K ∗0 ,
(9) δ(λ0λ3λ47λ79 + λ0λ3λ95λ31 + λ0λ19λ47λ63 + λ0λ51λ31λ47 + λ48λ3λ31λ47 + λ32λ19λ31λ47 + λ42λ1λ23λ63 +
λ38λ5λ23λ63 + λ31λ12λ23λ63 + λ30λ13λ23λ63 + λ26λ17λ23λ63 + λ26λ1λ39λ63 + λ22λ5λ39λ63 + λ22λ21λ23λ63 +
λ14λ13λ39λ63) = t¯ (̂ J∗0) + J∗0 ,
(10) δ(λ78λ2λ231 + λ64λ16λ231 + λ48λ32λ231 + λ0λ80λ231 + λ49λ331 + λ37λ3λ39λ63 + λ33λ7λ39λ63 + λ29λ11λ39λ63 +
λ27λ5λ47λ63 + λ25λ47λ7λ63 + λ25λ7λ47λ63 + λ23λ9λ47λ63 + λ17λ23λ39λ63 + λ15λ17λ47λ63 + λ15λ25λ39λ63) =
t¯(T̂ ∗0 ) + T ∗0 ,
(11) t¯(V̂ ∗0 ) = V ∗0 ,
(12) δ(λ120λ7λ263 + λ88λ7λ31λ127 + λ64λ47λ79λ63 + λ56λ39λ31λ127) = t¯(V̂ ′0) + V ′ ∗0 ,
(13) δ(λ104λ215λ127 + λ0λ103λ63λ95 + λ96λ7λ63λ95 + λ64λ39λ63λ95 + λ32λ7λ95λ127 + λ0λ39λ95λ127) = t¯(Û∗0) + U∗0 .
(3.1)(ii) (1) δ(λ6λ0λ47λ15) = t¯(δ67(0)∗) + Q 3(0)∗ ,
(2) δ(λ8λ19λ7λ95 + λ0λ19λ47λ63) = t¯(δ128(0)∗) + J∗0 ,
(3) δ(λ0λ95λ231 + λ0λ47λ79λ31) = t¯(δ156(0)∗) + V ∗0 .
(3.1)(iii) (1) δ(λ1λ23λ27 + λ9λ15λ27 + λ3λ5λ215 + λ20λ15λ23 + λ7λ9λ15λ7) = t¯(γ37(0)∗),
(2) t¯(φ45(0)∗) = 0,
(3) t¯(γ50(0)∗) = 0,
(4) δ(B) = t¯(γ61(0)∗) for some B ∈ Λ5,61 as Ext5,66A = 0 by Tangora [9],
(5) δ(λ2λ0λ47λ15 + λ11λ33λ47 + λ5λ9λ3λ47 + λ11λ15λ7λ31 + λ23λ11λ215) = t¯(γ63(0)∗),
(6) δ(λ0λ3λ31λ47) = t¯(ρ80(0)∗),
(7) δ(λ0λ3λ95λ31) = t¯(γ128(0)∗),
(8) δ(λ0λ71λ231) = t¯(γ132(0)∗),
(9) δ(λ0λ31λ47λ63) = t¯(γ140(0)∗),
(10) t¯(γ148(0)∗) = 0,
(11) δ(λ0λ7λ63λ95) = t¯(γ164(0)∗).
(3.1)(iv) (1) δ(λ10λ37 + λ6λ7λ3λ15 + λ5λ0λ3λ23) = t¯(δ30(0)∗) + (h30h24)∗ ,
(2) δ(λ0λ23λ3λ15) = t¯(α40(0)∗) + (h0 f1)∗ ,
(3) δ(λ3λ1λ23λ39 + λ5λ31λ215 + λ23λ13λ215 + λ21λ11λ3λ31 + λ19λ17λ215 + λ17λ21λ47 + λ17λ23λ11λ15 + λ17λ15λ19λ15 +
λ16λ0λ3λ47 + λ15λ21λ215 + λ15λ13λ7λ31 + λ14λ2λ3λ47 + λ13λ219λ15 + λ13λ39λ27 + λ13λ5λ1λ47 + λ12λ0λ23λ31 +
λ12λ4λ3λ47 + λ11λ1λ7λ47 + λ11λ1λ47λ7 + λ11λ3λ5λ47 + λ7λ21λ7λ31 + λ10λ2λ23λ31 + λ29λ1λ47 + λ9λ1λ9λ47 +
λ9λ15λ27λ15+λ9λ27λ215+λ28λ3λ47+λ8λ0λ11λ47+λ7λ5λ23λ31+λ7λ5λ7λ47+λ27λ5λ47+λ7λ9λ3λ47+λ7λ37λ15λ7+
λ7λ17λ11λ31 + λ26λ23λ31 + λ6λ2λ11λ47 + λ25λ9λ47 + λ17λ3λ31λ15 + λ24λ11λ47) = t¯(φ65(0)∗) + t¯(δ30(1)∗),
(4) t¯(δ144(0)∗) = (h0p2)∗ .
From (∗), (3.1)(i), (3.1)(ii), (3.1)(iii) and (3.1)(iv) we see the proof for Proposition 3.1 is completed.
Next we want to prove Proposition 3.2. For this purpose we need to do some preparatory work.
We recall again that there is an increasing ﬁltration {F (k) | k  0} of H˜∗(P ) ⊗ Λ given by F (k) =∑1ik H˜i(P ) ⊗ Λ
(F (0) = 0). Given a cycle u = e j1α1 + e j2α2 + · · · + e jmαm in (H˜∗(P ) ⊗ Λ)s,∗ where j1 > j2 > · · · > jm and all the αk are
elements in Λs,∗ . Note that α1 is necessarily a cycle in Λ. We will write u ≡ e j1α1 mod F ( j1 − 1) to indicate that e j1α1 is
the “leading term” of u with respect to this ﬁltration. It is clear that (Sq0)iu ≡ e2i j1+2i−1(Sq0)iα1 mod F (2i j1 + 2i − 2) for
all i  0.
Also recall that there is an increasing ﬁltration {Λ(n) | n  0} of Λ with Λ(n) the subcomplex having the set of all
admissible monomials λi1λi2 · · ·λis with i1  n as its Z/2-base. Call i1 the ﬁltration degree of the admissible monomial
λi1λi2 · · ·λis . We use Λ(n) − Λ(n − 1) to denote the Z/2-submodule of Λ(n) generated by all the admissible monomials of
ﬁltration degree n. Thus any basis element in Λ(n)−Λ(n−1) is of the form λnγ where γ is a sum of admissible monomials
each having its ﬁltration degree  2n. In what follows whenever we write λnγ it is always understood that λnγ is some
basis element in Λ(n) − Λ(n − 1). Given a cycle v = λ j1β1 + λ j2β2 + · · · + λ jmβm in Λ with j1 > j2 > · · · > jm . We will
write v ≡ λ j1β1 mod Λ( j1 − 1) to indicate that λ j1β1 is the “leading term” of v with respect to the ﬁltration {Λ(n) | n 0}.
It is clear that λ jβ ∈ Λ( j) − Λ( j − 1) implies λ2i j+2i−1(Sq0)iβ ∈ Λ(2i j + 2i − 1) − Λ(2i j + 2i − 2) for all i  0 and that if
v ≡ λ j1β1 mod Λ( j1 − 1) then (Sq0)i v ≡ λ2i j1+2i−1(Sq0)iβ1 mod Λ(2i j1 + 2i − 2) for all i  0.
Let Λ
φ−→ H˜∗(P ) ⊗ Λ be the chain map as in (2.2). From (2.2)(2) one easily sees the following.






)≡ e2i j1+2i−1(Sq0)iβ1 mod F (2i j1 + 2i − 2) in H˜∗(P ) ⊗ Λ for all i  0.
For an element α ∈ Λ (resp. β ∈ Ext∗,∗A ), (Sq0)iα (resp. (Sq0)iβ) will be called the i-stabilization of α (resp. i-stabilization
of β).
680 T.-W. Chen / Topology and its Applications 158 (2011) 660–689Consider the following cycles in Λ4,∗ in admissible forms that represent respectively the classes h2c1, c0h4, h30h3, p1, g2,
D3(1), p′1, h21h25 and h21h4h6 in Ext
4,∗
A together with their i-stabilizations for all i  0.
(3.6) (1) (hi+2ci+1)∗ = (Sq0)i((h2c1)∗ = λ3λ5λ27),
(2) (cihi+4)∗ = (Sq0)i((c0h4)∗ = λ4λ5λ27),
(3) (h30h3)
∗ = λ4λ31 + λ3λ1λ2λ1 + λ22λ2λ1 + λ21λ2λ3,
(4) p∗i+1 = (Sq0)i(p∗1 = λ29λ11λ215 + λ21λ19λ215 + λ13λ19λ23λ15),
(5) g∗i+2 = (Sq0)i(g∗2 = λ13λ13λ11λ7 + λ11λ19λ27 + λ11λ7λ11λ15 + λ7λ11λ19λ7 + λ215λ27),
(6) D3(i + 1)∗ = (Sq0)i(D3(1)∗ = λ45(λ43λ23λ15 + λ27λ23λ31) + λ33λ331 + λ29λ27λ39λ31),
(7) p′ ∗i+1 = (Sq0)i(p′ ∗1 = (λ77(λ23λ27 + λ19λ11λ7 + λ215λ7 + λ211λ15) + λ61λ19λ231 + λ57λ23λ231 + λ45λ35λ231 + λ41λ39λ231 +




∗ = (Sq0)i((h21h25)∗ = (λ27(λ23λ27 + λ19λ11λ7 + λ215λ7 + λ211λ15) + λ25λ21λ11λ7 + λ25λ13λ11λ15 +
λ23λ19λ15λ7 + λ23λ15λ19λ7 + λ23λ11λ215 + λ21λ17λ11λ15 + λ21λ13λ215 + λ215λ27λ7 + λ215λ19λ15 + λ213λ23λ15)),
(9) (h2i+1hi+4hi+6)
∗ = (Sq0)i((h21h4h6)∗ = (λ43(λ23λ27 + λ19λ11λ7 + λ215λ7 + λ211λ15) + λ41λ21λ11λ7 + λ41λ13λ11λ15 +
λ39λ19λ15λ7 +λ39λ15λ19λ7 +λ39λ11λ215 +λ37λ17λ11λ15 +λ37λ13λ215 +λ31(λ15λ27λ7 +λ15λ19λ15)+λ29λ13λ23λ15 +
λ27λ19λ27λ7 + λ27λ219λ15 + λ27(λ15λ23λ15 + λ11λ19λ23) + λ25λ21λ27λ7 + λ25λ21λ19λ15 + λ25λ13λ19λ23 +
λ23λ23λ27λ7 + λ23λ23λ19λ15 + λ21λ21λ23λ15 + λ21λ17λ19λ23 + λ215λ19λ31 + λ213λ23λ31)).
Let P1h∗1, P1h∗2, n∗0, x∗0, D1(0)∗ , H1(0)∗ , Q 3(0)∗ , K ∗0 , J∗0 , T ∗0 , V ∗0 , V ′ ∗0 , U∗0 ∈ Λ5,∗ be the cycles as deﬁned in (3.4)′ given
by (1.1)(10) through (1.1)(22) of Section 1. (In (3.4)′ , only two examples, namely P1h∗1 and Q 3(0)∗ , are exhibited.) Let n∗i ,
x∗i , D1(i)















∗ , H1(0)∗ , Q 3(0)∗ , K ∗0 , J∗0 , T ∗0 , V ∗0 ,
V ′ ∗0 , U∗0 respectively. Most of these cycle representations, as given in (1.1)(10) through (1.1)(22), are not in admissible forms.
Upon expanding these cycle representations into admissible forms we ﬁnd the following where (h30h3)
∗ , etc., are as in (3.6)
and where i  0.
(3.7) (1) z1 = P1h∗1 ≡ λ2(h30h3)∗ mod Λ(1),
(2) z2 = P1h∗2 ≡ λ4(h30h3)∗ mod Λ(3),
(3) z3(i) = n∗i ≡ λ2i+3+2i+1−1(hi+2ci+1)∗ mod Λ(2i+3 + 2i+1 − 2),
(4) z4(i) = x∗i ≡ λ2i+4−2i−1(cihi+4)∗ mod Λ(2i+4 − 2i − 2),
(5) z5(i) = D1(i)∗ ≡ λ2i+2+2i−1(hi+3ci+2)∗ mod Λ(2i+2 + 2i − 2),
(6) z6(i) = H1(i)∗ ≡ λ2i+4−2i−1(hi+3ci+2)∗ mod Λ(2i+4 − 2i − 2),
(7) z7(i) = Q 3(i)∗ ≡ λ2i+4+2i+3−1g∗i+2 mod Λ(2i+4 + 2i+3 − 2),
(8) z8(i) = K ∗i ≡ λ2i+5+2i+4−2i+1−1(h2i+1hi+4hi+6)∗ mod Λ(2i+5 + 2i+4 − 2i+1 − 2),
(9) z9(i) = J∗i ≡ λ2i+5+2i+4+2i+3+2i+1+2i−1p∗i+1 mod Λ(2i+5 + 2i+4 + 2i+3 + 2i+1 + 2i − 2),
(10) z10(i) = T ∗i ≡ λ2i+6+2i+4−2i+1−1(h2i+1h2i+5)∗ mod Λ(2i+6 + 2i+4 − 2i+1 − 2),
(11) z11(i) = V ∗i ≡ λ2i+5−2i−1D3(i + 1)∗ mod Λ(2i+5 − 2i − 2),
(12) z12(i) = V ′ ∗i ≡ λ2i+7−2i−1D3(i + 1)∗ mod Λ(2i+7 − 2i − 2),
(13) z13(i) = U∗i ≡ λ2i+7−2i+4+2i+3−2i−1p′ ∗i+1 mod Λ(2i+7 − 2i+4 + 2i+3 − 2i − 2).
Applying φ of (2.2) to the cycles in (3.7) we obtain, by (3.5), the following cycles in H˜∗(P ) ⊗ Λ where i  0.
(3.8) (1) φ(z1 = P1h∗1) ≡ e2(h30h3)∗ mod F (1),
(2) φ(z2 = P1h∗2) ≡ e4(h30h3)∗ mod F (3),
(3) φ(z3(i) = n∗i ) ≡ e2i+3+2i+1−1(hi+2ci+1)∗ mod F (2i+3 + 2i+1 − 2),
(4) φ(z4(i) = x∗i ) ≡ e2i+4−2i−1(cihi+4)∗ mod F (2i+4 − 2i − 2),
(5) φ(z5(i) = D1(i)∗) ≡ e2i+2+2i−1(hi+3ci+2)∗ mod F (2i+2 + 2i − 2),
(6) φ(z6(i) = H1(i)∗) ≡ e2i+4−2i−1(hi+3ci+2)∗ mod F (2i+4 − 2i − 2),
(7) φ(z7(i) = Q 3(i)∗) ≡ e2i+4+2i+3−1g∗i+2 mod F (2i+4 + 2i+3 − 2),
(8) φ(z8(i) = K ∗i ) ≡ e2i+5+2i+4−2i+1−1(h2i+1hi+4hi+6)∗ mod F (2i+5 + 2i+4 − 2i+1 − 2),
(9) φ(z9(i) = J∗i ) ≡ e2i+5+2i+4+2i+3+2i+1+2i−1p∗i+1 mod F (2i+5 + 2i+4 + 2i+3 + 2i+1 + 2i − 2),
(10) φ(z10(i) = T ∗i ) ≡ e2i+6+2i+4−2i+1−1(h2i+1h2i+5)∗ mod F (2i+6 + 2i+4 − 2i+1 − 2),
(11) φ(z11(i) = V ∗i ) ≡ e2i+5−2i−1D3(i + 1)∗ mod F (2i+5 − 2i − 2),
(12) φ(z12(i) = V ′ ∗i ) ≡ e2i+7−2i−1D3(i + 1)∗ mod F (2i+7 − 2i − 2),
(13) φ(z13(i) = U∗) ≡ e2i+7−2i+4+2i+3−2i−1p′ ∗ mod F (2i+7 − 2i+4 + 2i+3 − 2i − 2).i i+1
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(3.9) The cycles z1 = P1h∗1, z2 = P1h∗2, z3(i) = n∗i , z4(i) = x∗i , z5(i) = D1(i)∗ , z6(i) = H1(i)∗ , z7(i) = Q 3(i)∗ , z8(i) = K ∗i , z9(i) =




1h2,ni, xi, D1(i), H1(i), Q 3(i), Ki, J i, Ti, Vi, V
′
i ,Ui
∣∣ i  0}⊂ Ext5,∗A
in the obvious order. This set of cycles is denoted by I∗5.
Recall that (2.13)L denotes the set of all the elements on the left sides of the correspondences in the list (2.13) ((2.13.l1)
through (2.13.l120)) in Section 2 and is a Z/2-base for E
∗,4,∗∞ of the spectral sequence {E∗,∗,∗r } for Ext∗,∗A (P ). Consider the
following subset of (2.13)L .
(3.10) Let Iˆ ⊂ (2.13)L be the subset of the following basis elements in E∗,4,∗∞ where we attach (2.13.l58) to the end of the
elements e2 j+3+2 j+1−1h j+2c j+1, for example, to mean that e2 j+3+2 j+1−1h j+2c j+1 come from (2.13.l58).
(1) ζ1 = e2h30h3 (2.13.l1),
(2) ζ2 = e4h30h3 (2.13.l2),
(3) ζ3(i) = e2i+3+2i+1−1hi+2ci+1 (2.13.l58),
(4) ζ4(i) = e2i+4−2i−1cihi+4 (2.13.l73),
(5) ζ5(i) = e2i+2+2i−1hi+3ci+2 (2.13.l60),
(6) ζ6(i) = e2i+4−2i−1hi+3ci+2 (2.13.l62),
(7) ζ7(i) = e2i+4+2i+3−1gi+2 (2.13.l96),
(8) ζ8(i) = e2i+5+2i+4−2i+1−1h2i+1hi+4hi+6 (2.13.l19),
(9) ζ9(i) = e2i+5+2i+4+2i+3+2i+1+2i−1pi+1 (2.13.l102),
(10) ζ10(i) = e2i+6+2i+4−2i+1−1h2i+1h2i+5 (2.13.l12),
(11) ζ11(i) = e2i+5−2i−1D3(i + 1) (2.13.l110),
(12) ζ12(i) = e2i+7−2i−1D3(i + 1) (2.13.l111),
(13) ζ13(i) = e2i+7−2i+4+2i+3−2i−1pi+1 (2.13.l118).
Recall that I∗5 = {z1, z2, zk(i) | 3  k  13, i  0} ⊂ Λ5,∗ in (3.9) denotes the set of all the cycles in (3.7). Let φ(I∗5) ⊂




)= {φ(z1),φ(z2),φ(zk(i)) ∣∣ 3 k 13, i  0}.
From (3.8) and (3.10) we see the cycles φ(z1), φ(z2), φ(zk(i)) in φ(I∗5) represent respectively the basis elements ζ1, ζ2, ζk(i)
in Iˆ = {ζ1, ζ2, ζk(i) | 3 k  13, i  0} ⊂ (2.13)L ⊂ E∗,4,∗∞ for all 3 k  13, i  0. Since the cycles in I∗5 = {z1, z2, zk(i) | 3




1h2,ni, xi, D1(i), H1(i), Q 3(i), Ki, J i, Ti, Vi, V
′
i ,Ui
∣∣ i  0}⊂ Ext5,∗A (by (3.9))
and since Iˆ is linearly independent, it follows that I5 is also linearly independent. This completes the proof of Proposi-
tion 3.2.
We summarize in (3.11) below the relationships above among I5, I∗5, φ(I∗5) and Iˆ which will also be needed in the proof
of Proposition 3.3 in a moment.
(3.11) The set of cycles I∗5 ⊂ Λ5,∗ in (3.7) represents respectively the cohomology classes in I5 ⊂ Ext5,∗A described in (3.9).
The cycles in the corresponding set φ(I∗5) ⊂ (H˜∗(P ) ⊗ Λ)4,∗ of I∗5 given in (3.8) represent respectively the basis
elements in Iˆ ⊂ E∗,4,∗∞ exhibited in (3.10). The set Iˆ will therefore be denoted by φ∗(I5).
Finally we prove Proposition 3.3. We begin by giving the following deﬁnition in which φ is still the chain map in (2.2).
Deﬁnition 3.12. Given a cycle v = λ j1β1 + · · · + λ jmβm in Λs,∗ in admissible form that represents a non-zero element {v} in
Exts,∗A where j1 > · · · > jm and λ jkβk is a basis element in Λ( jk) − Λ( jk − 1), 1 km. β1 is necessarily a cycle in Λs−1,∗ .
Assume {φ(v)} = 0 in Exts−1,∗A (P ).
(i) The cycle v = λ j1β1 + · · · + λ jmβm is of type (1) if {β1} = 0 in Exts−1,∗A and φ(v) ≡ e j1β1 mod F ( j1 − 1) represents a
non-trivial element in E∗,s−1,∗∞ of the spectral sequence {E∗,∗,∗r } for Ext∗,∗(P ).A
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that φ(v) ∈ H˜∗(P )⊗Λ is a cycle homologous to a cycle φ(v) of the form φ(v) = ek1γ1+· · ·+eklγl with j1 > k1 > · · · > kl
such that {γ1} = 0 and φ(v) ≡ ek1γ1 mod F (k1 − 1) represents a non-trivial element in E∗,s−1,∗∞ .
For a non-zero class {v} ∈ Exts,∗A , it may happen that, no matter what cycle representation
v = λ j1β1 + · · · + λ jmβm in admissible form
for {v} is chosen, {β1} is always zero. { f ∗0 = λ5λ7λ23 + λ4λ6λ5λ3 + λ23λ5λ7 + λ2λ4λ5λ7} = f0 in (1.1)(5) is such an example.
We refer to Lin [6] for detailed explanations on these that result in Deﬁnition 3.12 here.
From Theorem 1.2 we have the following [6].
(3.13) The set of the monomials (1) through (23) below is a Z/2-base D5 for E¯ ∩ Ext5,∗A , the Z/2-submodule of Ext5,∗A
generated by the decomposable elements.
(1) h3i h
2
j for i  j + 5,
(2) h3i h jhk for i  j + 4 k + 6,
(3) h2i h
3
j for i  j + 4,
(4) h2i h
2
j hk for i  j + 4 k + 7,
(5) h2i h jh
2
k for i  j + 3 k + 6,
(6) h2i h jhkhl for i  j + 3 k + 5 l + 7,
(7) hih3j hk for i  j + 3 k + 7,
(8) hih2j h
2
k for i  j + 3 k + 7,
(9) hih2j hkhl for i  j + 3 k + 6 l + 8,
(10) hih jh3k for i  j + 2 k + 5,
(11) hih jhkh2l for i  j + 2 k + 4 l + 7,
(12) hih jh2khl for i  j + 2 k + 5 l + 8,
(13) hih jhkhlhm for i  j + 2 k + 4 l + 6m + 8,
(14) hih40 for i  4,
(15) cih2j for j  i − 3 or j  i + 5,
(16) cih jhk for (i) k i + 4, k − 1 > j and j = i − 1, i, i + 2, i + 3; or (ii) j < k − 1 < i − 2; or (iii) k − 4= i − 3 j,
(17) dih j for j = i − 2, i − 1, i + 3 and i + 4,
(18) eih j for j = i − 1, i, i + 3 and i + 4,
(19) f ih j for j  i − 3 or j = i + 2 or j  i + 5,
(20) gi+1h j for j  i − 1 or j = i + 2 or j  i + 6,
(21) pih j for j  i − 2 or j = i + 3 or j  i + 6,
(22) D3(i)h j for j = i − 1, i, i + 5 and i + 6,
(23) p′ih j for j  i − 2 or j = i or j = i + 4 or j  i + 7.
(“ j  i − 3= k − 4” in (16)(iii) here updates “k = i + 1< j − 1” in (3.11)∗(16)(iii) of [6].)
Lin has shown in [6] the following.
(3.13)∗ For each basis element α in D5 of (3.13), a cycle representation α∗ = λ j1β1 + · · · + λ jmβm ∈ Λ5,∗ in admissible form
for α is listed in (3.14) of [6] ((3.14.1) through (3.14.51) in [6]) such that these α∗ have the following properties.
(1) Either α∗ = λ j1β1 + · · · + λ jmβm is of type (1) so that φ(α∗) ≡ e j1β1 mod F ( j1 − 1) represents a non-trivial




)∼ φ(α∗)= ek1γ1 + · · · + eklγl with j1 > k1 > · · · > kl
and φ(α∗) ≡ ek1γ1 mod F (k1 − 1) represents a non-trivial element in E∗,4,∗∞ . This non-trivial element in E∗,4,∗∞ ,
either represented by φ(α∗) in the type (1) case or represented by φ(α∗) in the type (2) case, is denoted by
φ∗(α).
(2) The set φ∗(D5) = {φ∗(α) | α ∈ D5} ⊂ E∗,4,∗∞ is linearly independent.
By comparing the set φ∗(I5) = Iˆ ⊂ E∗,4,∗∞ described in (3.11) here and the set φ∗(D5) ⊂ E∗,4,∗∞ (given in (3.14.1) through
(3.14.51) in [6]) we see φ∗(I5) ∪ φ∗(D5) is linearly independent. This implies I5 ∪ D5 is linearly independent in Ext5,∗ . ByA
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5,∗
A . Since Ext
4,∗
A (P )
t∗−→ Ext5,∗A is onto (by (2.3)) and since
I5 comes from Iˆ4 by Proposition 3.1 (see Remark 2.17) it follows that I5 is a Z/2-base for the indecomposable elements of
Ext5,∗A . This completes the proof of Proposition 3.3 and therefore Theorem 1.3.
4. The differentials E∗,4,∗r
dr−→ E∗,5,∗r
In this section we list the 289 non-trivial differentials for E∗,4,∗r
dr−−→ E∗,5,∗r mentioned in Section 2 where this list is
referred to the “(∗∗∗)-list”.
(4.1.1) e2mh40 → e2m−1h50 for m 1.
(4.1.2) e2mh30hk → e2m−1h40hk for m 1, k > 3.
(4.1.3) e4m+2h30h3 → e4m−1P1h1 for m 1.
(4.1.4) e8m+4h30h3 → e8m−1P1h2 for m 1.
(4.1.5) e32m+8h30h3 → e32m−16h30h24 for m 1.
(4.1.6) e25+nm+24+n−8h30h3 → e25+nm−8h30h3h4+n for m 1, n 1.
(4.1.7) e2n+1m−2nh30h3 → e2n+1m−2n−12h0 f0 for m 1, n 4.
(4.1.8) e2 j+2m+2 j−1−1h3j hk → e2 j+2m−2 j+1−2 j−1h jc j−1hk for m 1, 1 j < k − 2.
(4.1.9) e2 j+3m+2 j+1+2 j−1−1h3j hk → e2 j+3m−2 j+2−2 j−1e j−1hk for m 1, 1 j < k − 3.
(4.1.10) e2n+1m+2n−2 j−2 j−1−1h3j hk → e2n+1m−2 j−2 j−1−1h3j hnhk for m 1, either 1 j < n− 2 < k− 3 or 1 j < n− 3= k− 3.
(4.1.11) e2k+1m+2k−1−2 j−2 j−1−1h3j hk → e2k+1m−2k−1−2 j−2 j−1−1h3j h2k for m 1, 1 j < k − 3.
(4.1.12) e2 j+4m+2 j+1+2 j−1−1h3j h j+3 → e2 j+4m−2 j+3−2 j+1−2 j−2 j−1−1h j+2e j for m 1, j  1.
(4.1.13) e2k+2m+2k+1−2k−1−2 j−2 j−1−1h3j hk → e2k+2m−2k−2k−1−2 j−2 j−1−1h3j h2k+1 for m 1, 1 j < k − 2.
(4.1.14) e2k+n+1m+2k+n−2k−1−2 j−2 j−1−1h3j hk → e2k+1+nm−2k−1−2 j−2 j−1−1h3j hkhk+n for m 1, n 2, 1 j < k − 2.
(4.1.15) e2 j+4m+2 j+3−2 j−2 j−1−1h3j h j+3 → e2 j+4m−2 j+3−2 j−1e j−1h j+4 for m 1, j  1.
(4.1.16) e2 j+2m+2 j+1+2 j−2−1h3j hk → e2 j+2m−1e j−2hk for m 1, 2 j < k − 2.
(4.1.17) e2 j+2m+2 j−2−1h3j hk → e2 j+2m−2 j+1−1e j−2hk for m 1, 2 j < k − 2.
(4.1.18) e2 j−1m+2 j−2+2 j−3−1h3j hk → e2 j−1m−1c j−3h j+1hk for m 1, 3 j < k − 2.
(4.1.19) e2 j+1m+2 j−3−1h3j hk → e2 j+1m−2 j−2 j−1−1p j−3hk for m 1, 3 j < k − 2.
(4.1.20) e2l(2m+1)−1h3j hk → e2l+1m−1hlh3j hk for m 1, 0 l < j − 3 < k − 5.
(4.1.21) e2mh20h
2
k → e2m−1h30h2k for m 1, k > 3.
(4.1.22) e2 j+2m+2 j−1h2j h
2
k → e2 j+2m−2 j+1−2 j−1−1c j−1h2k for m 1, 1 j < k − 3.
(4.1.23) e2 j+3m+2 j+2−2 j−1h2j h
2
k → e2 j+3m−2 j+1−2 j−2 j−1−1h j−1h2j+2h2k for m 1, 1 j < k − 5.
(4.1.24) e2 j+5m+2 j+2−2 j−1h2j h
2
j+4 → e2 j+5m−2 j+4−2 j−1 f jh j+5 for m 1, j  1.
(4.1.25) e2 j+4m+2 j+3+2 j+2−2 j−1h2j h
2
j+4 → e2 j+4m−2 j+3+2 j−1 f j+1h j+3 for m 1, j  1.
(4.1.26) e2 j+3m+2 j+2−2 j−1h2j h
2
j+5 → e2 j+3m−2 j+2−1T j−1 for m 1, j  1.
(4.1.27) e2n+1m+2n−2 j−1h2j h
2
k → e2n+1m−2 j−1h2j hnh2k for m 1, 1 j < n − 2 < k − 4.
(4.1.28) e2k+1m+2k−2−2 j−1h2j h
2
k → e2k+1m−2k+2k−2−2 j−1h2j h3k for m 1, 1 j < k − 4.
(4.1.29) e2km+2k−1+2k−2−2 j−1h2j h
2
k → e2km−2 j−1h2j ck−2 for m 1, 1 j < k − 4.
(4.1.30) e2k+1m+2k−1−2 j−1h2j h
2
k → e2k+1m−2k−1−2 j−1h2j h3k for m 1, 1 j < k − 4.
(4.1.31) e2 j+5m+2 j+5+2 j+3−2 j−1h2j h
2
j+4 → e2 j+5m−1T j−1 for m 1, j  1.
(4.1.32) e2k+2m+2k−2 j−1h2j h
2
k → e2k+2m−2k+1−2k−1−2 j−1h2j ck−1 for m 1, 1 j < k − 3.
(4.1.33) e2k+3m+2k+2−2k−2 j−1h2j h
2
k → e2k+3m−2k+1−2k−2k−1−2 j−1h2j hk−1h2k+2 for m 1, 1 j < k − 3.
(4.1.34) e2k+1+n(2m+1)−2k−2 j−1h2j h
2
k → e2k+2+nm−2k−2 j−1h2j h2khk+n+1 for m 1, n 2, 1 j < k − 3.
(4.1.35) e2 j+1m+2 j−1−1h2j h
2
k → e2 j+1m−2 j−1−1h3j h2k for m 1, 1 j < k − 3.
(4.1.36) e2 j+1m+2 j−2−1h2j h
2
k → e2 j+1m−2 j+2 j−2−1h3j h2k for m 1, 2 j < k − 3.
(4.1.37) e2 jm+2 j−1+2 j−2−1h2j h
2
k → e2 jm−1c j−2h2k for m 1, 2 j < k − 3.
(4.1.38) e2l(2m+1)−1h2j h
2
k → e2l+1m−1hlh2j h2k for m 1, 0 l < j − 2 < k − 5.
(4.1.39) e2mh20hkhi → e2m−1h30hkhi for m 1, 2 < k < i − 1.
(4.1.40) e2 j+2m+2 j−1h2j hkhi → e2 j+2m−2 j+1−2 j−1−1c j−1hkhi for m 1, 1 j < k − 2 < i − 3.
(4.1.41) e2 j+3m+2 j+2−2 j−1h2j hkhi → e2 j+3m−2 j+1−2 j−2 j−1−1h j−1h2j+2hkhi for m 1, 1 j < k − 3< i − 4.
684 T.-W. Chen / Topology and its Applications 158 (2011) 660–689(4.1.42) e2n+1m+2n−2 j−1h2j hkhi → e2n+1m−2 j−1h2j hnhkhi for m  1, either 1  j < n − 2 < k − 3 < i − 4 or 1  j < n − 3 =
k − 3 < i − 4.
(4.1.43) e2n+1m+2n−2k−1−2 j−1h2j hkhi →
⎧⎨⎩
e2n+1m−2k−1−2 j−1h2j hkhnhi for m 1, 1 j < k − 2 < n − 3,
and n < i − 1 or n = i  k + 3,
e2k+2m−2k+1+2k−1−2 j−1h2j h
2
k+1hi for m 1, 1 j < k − 2= n − 3 < i − 4,
for m 0, a 1, either 1 j < k − 2 < n − 2 < i − 3 or 1 j < k − 2 < n − 4= i − 4.




i for m 1, n 2, 1 j < k − 2 < i − 4,
e2k+1+nm−2k+2−2k−1−2 j−1h2j ck for m 1, n 2, 1 j < k − 2= i − 4,
for m 0, a 2, 1 j < k − 2 < i − 3.
(4.1.45) e2i+1+n(2m+1)−2i−1−2k−1−2 j−1h2j hkhi → e2i+2+nm−2i−1−2k−1−2 j−1h2j hkhihi+n+1 for m 1, n 1, 1 j < k − 2 < i − 3.
(4.1.46) e2i+2m+2i+1−2i−1−2k−1−2 j−1h2j hkhi → e2i+2m−2i−2i−1−2k−1−2 j−1h2j hkh2i+1 for m 1, 1 j < k − 2< i − 3.
(4.1.47) e2k+2+nm+2k+2−2k−1−2 j−1h2j hkhk+2 → e2k+2+nm−2k+1−2k−2k−1−2 j−1h2j h3k+2 for m 1, n 1, 1 j < k − 2.
(4.1.48) e2k+1m+2k−1−2 j−1h2j hkhi → e2k+1m−2k−1−2 j−1h2j h2khi for m 1, 1 j < k − 3 < i − 4.
(4.1.49) e2 j+4m+2 j+2−2 j−1h2j h j+3hi → e2 j+4m−2 j+3−2 j−1 f jhi for m 1, 1 j < i − 4.
(4.1.50) e2 j+4m+2 j+3−2 j−1h2j h j+3hi → e2 j+4m−2 j+3+2 j−1−1h j−1h3j+3hi for m 1, 1 j < i − 5.
(4.1.51) e2 j+4m+2 j+4+2 j+3−2 j−1h2j h j+3h j+5 → e2 j+4m−1K j−1 for m 1, j  1.
(4.1.52) e2 j+1m+2 j−1−1h2j hkhi → e2 j+1m−2 j−1−1h3j hkhi for m 1, 1 j < k − 2< i − 3.
(4.1.53) e2 jm+2 j−1+2 j−2−1h2j hkhi → e2 jm−1c j−2hkhi for m 1, 2 j < k − 2 < i − 3.
(4.1.54) e2 j+1m+2 j−2−1h2j hkhi → e2 j+1m−2 j+2 j−2−1h3j hkhi for m 1, 2 j < k − 2 < i − 3.
(4.1.55) e2l(2m+1)−1h2j hkhi → e2l+1m−1hlh2j hkhi for m 1, 0 l < j − 2 < k − 4 < i − 5.
(4.1.56) e2 j+1m+2 j−1h jh2khi → e2 j+1m−1h2j h2khi for m 1, 0 j < k − 3 < i − 5.
(4.1.57) e2 j+3m+2 j+2+2 j−1h jh2j+3hi → e2 j+3m−1 f jhi for m 1, 0 j < i − 5.
(4.1.58) e2 j+4m+2 j−1h jh2j+3hi → e2 j+4m−2 j+3−2 j−1c jh j+4hi for m 1, 0 j < i − 5.
(4.1.59) e2 j+3m+2 j+1+2 j−1h jh2j+3hi → e2 j+3m−2 j+1−1 f jhi for m 1, 0 j < i − 5.
(4.1.60) e2 j+3m+2 j+2+2 j+1+2 j−1h jh2j+3hi → e2 j+3m−1g j+1hi for m 1, 0 j < i − 5.
(4.1.61) e2 j+1m+2 j−1−1h jh2khi → e2 j+1m−2 j−1−1h2j h2khi for m 1, 1 j < k − 3< i − 5.
(4.1.62) e2 j+1m+2 j−1−1h jh2j+3hi → e2 j+1m−2 j−1p j−1hi for m 1, 1 j < i − 5.
(4.1.63) e2 j+2m+2 j+2 j−1−1h jh2khi → e2 j+2m−2 j−2 j−1−1h2j+1h2khi for m 1, 1 j < k − 4< i − 6.
(4.1.64) e2 j+2m+2 j+2 j−1−1h jh2j+4hi → e2 j+2m−2 j+1−1p′j−1hi for m 1, 1 j < i − 6.
(4.1.65) e2 j+3m+2 j+2+2 j+2 j−1−1h jh2j+3hi → e2 j+3m−2 j+2+2 j−1−1c j+1h j+2hi for m 1, 1 j < i − 5.
(4.1.66) e2 j+4m+2 j+2 j−1−1h jh2j+3hi → e2 j+4m−2 j+3−2 j−1−1c jh j+4hi for m 1, 1 j < i − 5.
(4.1.67) e2n+1m+2n−2 j−1−1h jh2khi → e2n+1m−2 j−1−1h jhnh2khi for m 1, 1 j < n − 1 < k − 3 < i − 5.
(4.1.68) e2km+2k−1+2k−2−2 j−1−1h jh2khi → e2km−2 j−1−1h jck−2hi for m 1, 1 j < k − 3 < i − 5.
(4.1.69) e2k+1m+2k−2−2 j−1−1h jh2khi → e2k+1m−2k−1−2k−2−2 j−1−1h jh3khi for m 1, 1 j < k − 3 < i − 5.
(4.1.70) e2k+1m+2k−1−2 j−1−1h jh2khi → e2k+1m−2k−1−2 j−1−1h jh3khi for m 1, 1 j < k − 3 < i − 5.
(4.1.71) e2 j+4m+2 j+4+2 j+2−2 j−1−1h jh2j+3hi → e2 j+4m−1p′j−1hi for m 1, 1 j < i − 5.
(4.1.72) e2k+2m+2k−2 j−1−1h jh2khi → e2k+2m−2k+1−2k−1−2 j−1−1h jck−1hi for m 1, 1 j < k − 2 < i − 4.
(4.1.73) e2k+3m+2k+2−2k−2 j−1−1h jh2khi → e2k+3m−2k+1−2k−2k−1−2 j−1−1h jhk−1h2k+2hi for m 1, 1 j < k − 2< i − 5.
(4.1.74) e2n(2m+1)−2k−2 j−1−1h jh2khi → e2n+1m−2k−2 j−1−1h jh2khnhi for m  1, either 1  j < k − 2 < n − 4 < i − 5 or 1  j <
k − 2 < n − 5= i − 5.
(4.1.75) e2i+1m+2i−1−2k−2 j−1−1h jh2khi → e2i+1m−2i−1−2k−2 j−1−1h jh2kh2i for m 1, 1 j < k − 2< i − 5.
(4.1.76) e2k+4m+2k+2−2k−2 j−1−1h jh2khk+3 → e2k+4m−2k+3−2k−2 j−1−1h j fk for m 1, 1 j < k − 2.
(4.1.77) e2i+1+n(2m+1)−2i−1−2k−2 j−1−1h jh2khi → e2i+2+nm−2i−1−2k−2 j−1−1h jh2khihi+1+n for m 1, n 1, 1 j < k − 2 < i − 4.
(4.1.78) e2i+2m+2i+1−2i−1−2k−2 j−1−1h jh2khi → e2i+2m−2i−2i−1−2k−2 j−1−1h jh2kh2i+1 for m 1, 1 j < k − 2 < i − 4.
(4.1.79) e2k+4m+2k+3−2k−2 j−1−1h jh2khk+3 → e2k+4m−2k+3+2k−1−2 j−1−1h jhk−1h3k+3 for m 1, 1 j < k − 2.
(4.1.80) e2l(2m+1)−1h jh2khi → e2l+1m−1hlh jh2khi for m 1, 0 l < j − 1 < k − 3< i − 5.
(4.1.81) e2 j+1m+2 j−1h jhkh2i → e2 j+1m−1h2j hkh2i for m 1, 0 j < k − 1 < i − 3.
(4.1.82) e2 j+1m+2 j−1−1h jhkh2i → e2 j+1m−2 j−1−1h2j hkh2i for m 1, 1 j < k − 1< i − 3.
(4.1.83) e2 j+2m+2 j+2 j−1−1h jhkh2i → e2 j+2m−2 j+1+2 j−1−1h2j+1hkh2i for m 1, 1 j < k − 2 < i − 4.
(4.1.84) e2n+1m+2n−2 j−1−1h jhkh2i → e2n+1m−2 j−1−1h jhnhkh2i for m 1, either 1 j < n− 1 < k− 2< i − 4 or 1 j < n− 2=
k − 2 < i − 5.
T.-W. Chen / Topology and its Applications 158 (2011) 660–689 685(4.1.85) e2k+3m+2k+2+2k−2 j−1−1h jhkh2k+3 → e2k+3m−2 j−1−1h j fk for m 1, 1 j < k − 1.
(4.1.86) e2k+4m+2k−2 j−1−1h jhkh2k+3 → e2k+4m−2k+3−2k−2 j−1−1h jckhk+4 for m 1, 1 j < k − 1.
(4.1.87) e2k+3m+2k+1+2k−2 j−1−1h jhkh2k+3 → e2k+3m−2k+1−2 j−1−1h j fk for m 1, 1 j < k − 1.
(4.1.88) e2k+3m+2k+2+2k+1+2k−2 j−1−1h jhkh2k+3 → e2k+3m−2 j−1−1h j gk+1 for m 1, 1 j < k − 1.
(4.1.89) e2k+1m+2k−1−2 j−1−1h jhkh2i → e2k+1m−2k−1−2 j−1−1h jh2kh2i for m 1, 1 j < k − 2 < i − 5.
(4.1.90) e2 j+3m+2 j+1−2 j−1−1h jh j+2h2i → e2 j+3m−2 j+2−2 j−1−1c jh2i for m 1, 1 j < i − 5.
(4.1.91) e2 j+3m+2 j+1−2 j−1−1h jh j+2h2j+5 → e2 j+3m−2 j+2−2 j+1+2 j−1−1h j+1p j+1 for m 1, j  1.
(4.1.92) e2k+1m+2k−1−2 j−1−1h jhkh2k+3 → e2k+1m−2k−2 j−1−1h j pk−1 for m 1, 1 j < k − 2.
(4.1.93) e2k+2m+2k+2k−1−2 j−1−1h jhkh2i → e2k+2m−2k−2k−1−2 j−1−1h jh2k+1h2i for m 1, 1 j < k − 1 < i − 5.
(4.1.94) e2k+3m+2k+2+2k+2k−1−2 j−1−1h jhkh2k+3 → e2k+3m−2k+2+2k−1−2 j−1−1h jck+1hk+2 for m 1, 1 j < k − 1.
(4.1.95) e2k+4m+2k+2k−1−2 j−1−1h jhkh2k+3 → e2k+4m−2k+3−2k−1−2 j−1−1h jckhk+4 for m 1, 1 j < k − 1.
(4.1.96) e2k+2m+2k+2k−1−2 j−1−1h jhkh2k+4 → e2k+2m−2k+1−2 j−1−1h j p′k−1 for m 1, 1 j < k − 2.
(4.1.97) e2 j+4m+2 j+2+2 j+1−2 j−1−1h jh j+2h2j+6 → e2 j+4m−2 j+3−2 j+1+2 j−1−1h j+1p′j+1 for m 1, j  1.
(4.1.98) e2n+1m+2n−2k−1−2 j−1−1h jhkh2i → e2n+1m−2k−1−2 j−1−1h jhkhnh2i for m 1, 1 j < k − 1< n − 2< i − 4.
(4.1.99) e2i+1m+2i−2−2k−1−2 j−1−1h jhkh2i → e2i+1m−2i+2i−2−2k−1−2 j−1−1h jhkh3i for m 1, 1 j < k − 1 < i − 4.
(4.1.100) e2im+2i−1+2i−2−2k−1−2 j−1−1h jhkh2i → e2im−2k−1−2 j−1−1h jhkci−2 for m 1, 1 j < k − 1 < i − 4.
(4.1.101) e2i+1m+2i−1−2k−1−2 j−1−1h jhkh2i → e2i+1m−2i−1−2k−1−2 j−1−1h jhkh3i for m 1, 1 j < k − 1 < i − 4.
(4.1.102) e2k+4m+2k+4+2k+2−2k−1−2 j−1−1h jhkh2k+3 → e2k+4m−2 j−1−1h j p′k−1 for m 1, 1 j < k − 2.
(4.1.103) e2 j+6m+2 j+6+2 j+4−2 j+1−2 j−1−1h jh j+2h2j+5 → e2 j+6m−2 j+1+2 j−1−1h j+1p′j+1 for m 1, j  1.
(4.1.104) e2i+2m+2i−2k−1−2 j−1−1h jhkh2i → e2i+2m−2i+1−2i−1−2k−1−2 j−1−1h jhkci−1 for m 1, 1 j < k − 1 < i − 3.
(4.1.105) e2i+3m+2i+2−2i−2k−1−2 j−1−1h jhkh2i → e2i+3m−2i+1−2i−2i−1−2k−1−2 j−1−1h jhkhi−1h2i+2 for m 1, 1 j < k − 1 < i − 3.
(4.1.106) e2i+1+n(2m+1)−2i−2k−1−2 j−1−1h jhkh2i → e2i+2+nm−2i−2k−1−2 j−1−1h jhkh2i hi+1+n for m 1, n 2, 1 j < k − 1 < i − 3.
(4.1.107) e2 j+3m+2 j+2−2 j−1−1h jh j+2h2i → e2 j+3m−2 j+2+2 j−1−1h3j+2h2i for m 1, 1 j < i − 5.
(4.1.108) e2l(2m+1)−1h jhkh2i → e2l+1m−1hlh jhkh2i for m 1, 0 l < j − 1 < k − 2 < i − 4.
(4.1.109) e2 j+1m+2 j−1h jh3k → e2 j+1m−1h2j h3k for m 1, 0 j < k − 4.
(4.1.110) e2 j+3m+2 j+2+2 j−1h jh3j+4 → e2 j+3m−1 f jh j+5 for m 1, j  0.
(4.1.111) e2 j+5m+2 j−1h jh3j+4 → e2 j+5m−2 j+4−2 j+3−2 j−1−1h j+1p′j for m 1, j  0.
(4.1.112) e2 j+3m+2 j+1+2 j−1h jh3j+4 → e2 j+3m−2 j+1−1 f jh j+5 for m 1, j  0.
(4.1.113) e2 j+3m+2 j+2+2 j+1+2 j−1h jh3j+4 → e2 j+3m−1g j+1h j+5 for m 1, j  0.
(4.1.114) e2 j+1m+2 j−1−1h jh3k → e2 j+1m−2 j−1−1h2j h3k for m 1, 1 j < k − 4.
(4.1.115) e2 j+1m+2 j−1−1h jh3j+4 → e2 j+1m−2 j−1p j−1h j+5 for m 1, j  1.
(4.1.116) e2 j+2m+2 j+1−2 j−1−1h jh3k → e2 j+2m−2 j−2 j−1−1h2j+1h3k for m 1, 1 j < k − 5.
(4.1.117) e2 j+5m+2 j+1−2 j−1−1h jh3j+4 → e2 j+5m−2 j+4−2 j+3−2 j+1+2 j−1−1h j+1p j+1 for m 1, j  1.
(4.1.118) e2 j+3m+2 j+2+2 j+1−2 j−1−1h jh3j+4 → e2 j+3m−2 j+2+2 j−1−1h j+2c j+1h j+5 for m 1, j  1.
(4.1.119) e2 j+2m+2 j+1−2 j−1−1h jh3j+5 → e2 j+2m−2 j+1−1p′j−1h j+6 for m 1, j  1.
(4.1.120) e2n+1m+2n−2 j−1−1h jh3k → e2n+1m−2 j−1−1h jhnh3k for m 1, 1 j < n− 1 < k − 4.
(4.1.121) e2k+1m+2k−3−2 j−1−1h jh3k → e2k+1m−2k−2k−1−2 j−1−1h j pk−3 for m 1, 1 j < k − 4.
(4.1.122) e2k−1m+2k−2+2k−3−2 j−1−1h jh3k → e2k−1m−2 j−1−1h jck−3hk+1 for m 1, 1 j < k − 4.
(4.1.123) e2k+2m+2k+1+2k−2−2 j−1−1h jh3k → e2k+2m−2 j−1−1h jek−2 for m 1, 1 j < k − 3.
(4.1.124) e2k+2m+2k−2−2 j−1−1h jh3k → e2k+2m−2k+1−2 j−1−1h jek−2 for m 1, 1 j < k − 3.
(4.1.125) e2k+2+n(2m+1)−2k−2k−1−2 j−1−1h jh3k → e2k+3+nm−2k−2k−1−2 j−1−1h jh3khk+2+n for m 1, n 1, 1 j < k − 3.
(4.1.126) e2k+3m+2k+1+2k−1−2 j−1−1h jh3k → e2k+3m−2k+2−2k−2 j−1−1h jek−1 for m 1, 1 j < k − 3.
(4.1.127) e2k+2m+2k−1−2 j−1−1h jh3k → e2k+2m−2k+1−2k−2 j−1−1h jhkck−1 for m 1, 1 j < k − 3.
(4.1.128) e2l(2m+1)−1h jh3k → e2l+1m−1hlh jh3k for m 1, 0 l < j − 1< k − 4.
(4.1.129) e2 j+1m+2 j−1h jhkhihp → e2 j+1m−1h2j hkhihp for m 1, 0 j < k − 1< i − 2 < p − 3.
(4.1.130) e2 j+1m+2 j−1−1h jhkhihp → e2 j+1m−2 j−1−1h2j hkhihp for m 1, 1 j < k − 1 < i − 2 < p − 3.
(4.1.131) e2 j+2m+2 j+2 j−1−1h jhkhihp → e2 j+2m−2 j+1+2 j−1−1h2j+1hkhihp for m 1, 1 j < k − 2 < i − 3 < p − 4.
(4.1.132) e2n+1m+2n−2 j−1−1h jhkhihp → e2n+1m−2 j−1−1h jhnhkhihp for m  1, either 1  j  n − 1 < k − 2 < i − 3 < p − 4 or
1 j < n − 2= k − 2 < i − 3 < p − 4.
(4.1.133) e2k+1m+2k−1−2 j−1−1h jhkhihp → e2k+1m−2k−1−2 j−1−1h jh2khihp for m 1, 1 j < k − 2 < i − 3< p − 4.
(4.1.134) e2 j+3m+2 j+1−2 j−1−1h jh j+2hihp → e2 j+3m−2 j+2−2 j−1−1c jhihp for m 1, 1 j < i − 3 < p − 4.
686 T.-W. Chen / Topology and its Applications 158 (2011) 660–689(4.1.135) e2k+2m+2k+2k−1−2 j−1−1h jhkhihp → e2k+2m−2k+1+2k−1−2 j−1−1h jh2k+1hihp for m 1, 1 j < k − 1< i − 3 < p − 4.
(4.1.136) e2n+1m+2n−2k−1−2 j−1−1h jhkhihp → e2n+1m−2k−1−2 j−1−1h jhkhnhihp for m 1, 1 j < k − 1 < n− 2 < i − 3 < p − 4.
(4.1.137) e2i+1m+2i−1−2k−1−2 j−1−1h jhkhihp → e2i+1m−2i−1−2k−1−2 j−1−1h jhkh2i hp for m 1, 1 j < k − 1< i − 3 < p − 4.
(4.1.138) e2k+3m+2k+1−2k−1−2 j−1−1h jhkhk+2hp → e2k+3m−2k+2−2k−1−2 j−1−1h jckhp for m 1, 1 j < k − 1< p − 4.
(4.1.139) e2i+2m+2i+1−2i−1−2k−1−2 j−1−1h jhkhihp → e2i+2m−2i−2i−1−2k−1−2 j−1−1h jhkh2i+1hp for m  1, 1  j < k − 1 < i − 2 <
p − 4.
(4.1.140) e2n+1m+2n−2i−1−2k−1−2 j−1−1h jhkhihp → e2n+1m−2i−1−2k−1−2 j−1−1h jhkhihnhp for m 1, 1 j < k− 1 < i − 2 < n− 3 <
p − 4.
(4.1.141) e2p+1m+2p−1−2i−1−2k−1−2 j−1−1h jhkhihp → e2p+1m−2p−1−2i−1−2k−1−2 j−1−1h jhkhih2p for m  1, 1  j < k − 1 < i − 2 <
p − 4.
(4.1.142) e2i+3m+2i+1−2i−1−2k−1−2 j−1−1h jhkhihi+2 → e2i+3m−2i+2−2i−1−2k−1−2 j−1−1h jhkci for m 1, 1 j < k − 1 < i − 2.
(4.1.143) e2p+2m+2p+2p−1−2i−1−2k−1−2 j−1−1h jhkhihp → e2p+2m−2p−2p−1−2i−1−2k−1−2 j−1−1h jhkhih2p+1 for m  1, 1 j < k − 1 <
i − 2 < p − 3.
(4.1.144) e2p+n+1m+2p+n−2p−1−2i−1−2k−1−2 j−1−1h jhkhihp → e2p+n+1m−2p−1−2i−1−2k−1−2 j−1−1h jhkhihphp+n for m  1, n  2, 1 
j < k − 1< i − 2 < p − 3.
(4.1.145) e2p+1m+2p−2i−1−2k−1−2 j−1−1h jhkhihp → e2p+1m−2i−1−2k−1−2 j−1−1h jhkhih2p for m 1, 1 j < k − 1 < i − 2 < p − 4.
(4.1.146) e2i+3m+2i+2−2i−1−2k−1−2 j−1−1h jhkhihi+2 → e2i+3m−2i+1−2i−2i−1−2k−1−2 j−1−1h jhkh3i+2 for m 1, 1 j < k − 1< i − 2.
(4.1.147) e2i+1m+2i−2k−1−2 j−1−1h jhkhihp → e2i+1m−2k−1−2 j−1−1h jhkh2i hp for m 1, 1 j < k − 1 < i − 3< p − 4.
(4.1.148) e2k+3m+2k+2−2k−1−2 j−1−1h jhkhk+2hp → e2k+3m−2k+1−2k−2k−1−2 j−1−1h jh3k+2hp for m 1, 1 j < k − 1 < p − 5.
(4.1.149) e2k+3m+2k+3+2k+2−2k−1−2 j−1−1h jhkhk+2hk+4 → e2k+3m−2 j−1−1h j D3(k − 1) for m 1, 1 j < k − 2.
(4.1.150) e2 j+5m+2 j+5+2 j+4−2 j+1−2 j−1−1h jh j+2h j+4h j+6 → e2 j+5m−2 j+1−1U j−1 for m 1, j  1.
(4.1.151) e2 j+3m+2 j+2−2 j−1−1h jh j+2hihp → e2 j+3m−2 j+2+2 j−1−1h3j+2hihp for m 1, 1 j < i − 4 < p − 5.
(4.1.152) e2 j+3m+2 j+3+2 j+2−2 j−1−1h jh j+2h j+4hp → e2 j+3m−1D3( j − 1)hp for m 1, 1 j < p − 5.
(4.1.153) e2l(2m+1)−1h jhkhihp → e2l+1−1hlh jhkhihp for m 1, 0 l < j − 1< k − 2 < i − 3< p − 4.
(4.1.154) e8m+5h1c0 → e8m−2h1d0 for m 1.
(4.1.155) e2 j+3m+2 j+2+2 j+1−1h j+1c j → e2 j+3m−2 j+1−1x j−1 for m 1, j  1.
(4.1.156) e4mh1c0 → e4m−3P1h2 for m 1.
(4.1.157) e2 j+3m+2 j+2−2 j−1h j+1c j → e2 j+3m−1n j−1 for m 1, j  1.
(4.1.158) e2 j+3m+2 j−1h j+1c j → e2 j+3m−2 j+2−1n j−1 for m 1, j  1.
(4.1.159) e2 j+3m+2 j+2+2 j−1−1h j+1c j → e2 j+3m−2 j−1−1n j−1 for m 1, j  1.
(4.1.160) e2 j+3m+2 j−1−1h j+1c j → e2 j+3m−2 j+2−2 j−1−1n j−1 for m 1, j  1.
(4.1.161) e2 j+3m+2 j+2+2 j+2 j−1−1h j+1c j → e2 j+3m−2 j−2 j−1−1h j+1d j for m 1, j  1.
(4.1.162) e2 j+4m+2 j+2 j−1−1h j+1c j → e2 j+4m−2 j+3−2 j+2−2 j+1−1D1( j − 1) for m 1, j  1.
(4.1.163) e2 j+3+n(2m+1)−2 j+3+2 j+2 j−1−1h j+1c j → e2 j+4+nm−2 j+3+2 j+2 j−1−1h j+1c jh j+3+n for m 1, n 1, j  1.
(4.1.164) e2 j+1m+2 j+2 j−2−1h j+1c j → e2 j+1m−1D1( j − 2) for m 1, j  2.
(4.1.165) e2 j+2m+2 j−2−1h j+1c j → e2 j+2m−2 j+1−2 j−2 j−1−1h j−1D3( j − 2) for m 1, j  2.
(4.1.166) e2 j+1m+2 j−1+2 j−2−1h j+1c j → e2 j+1m−2 j−1−1D1( j − 2) for m 1, j  2.
(4.1.167) e2 j+3m−2 j+2+2 j+1−2 j−2−1h j+1c j → e2 j+3m−2 j+2−2 j+1−2 j−1−1h j D3( j − 2) for m 1, j  2.
(4.1.168) e2 j+2m+2 j+1+2 j+2 j−1+2 j−2−1h j+1c j → e2 j+2m−1H1( j − 2) for m 1, j  2.
(4.1.169) e2l(2m+1)−1h j+1c j → e2l+1m−1hlh j+1c j for m 1, 0 l < j − 2.
(4.1.170) e2 j+1m+2 j−1h jck → e2 j+1m−1h2j ck for m 1, 0 j < k − 1.
(4.1.171) e2 j+1m+2 j−1−1h jck → e2 j+1m−2 j−1−1h2j ck for m 1, 1 j < k − 1.
(4.1.172) e2 j+2m+2 j+1−2 j−1−1h jck → e2 j+2m−2 j−2 j−1−1h2j+1ck for m 1, 1 j < k − 2.
(4.1.173) e2n+1m+2n−2 j−1−1h jck → e2n+1m−2 j−1−1h jhnck for m 1, 1 j < n− 1 < k − 2.
(4.1.174) e2k+4m+2k+1+2k−1−2 j−1−1h jck → e2k+4m−2k+3−2k+2−2k−1−2 j−1−1h jck+1hk+2 for m 1, 1 j < k − 1.
(4.1.175) e2k+3+n(2m+1)−2k+3+2k+1+2k−1−2 j−1−1h jck → e2k+4+nm−2k+3+2k+1+2k−1−2 j−1−1h jckhk+3+n for m 1, n 1, 1 j < k−1.
(4.1.176) e2k+3m+2k+2+2k+1+2k−1−2 j−1−1h jck → e2k+3m−2k−1−2 j−1−1h jdk for m 1, 1 j < k − 1.
(4.1.177) e2k+2m+2k−1−2 j−1−1h jck → e2k+2m−2k+1+2k−1−2 j−1−1h jckhk+1 for m 1, 1 j < k − 2.
(4.1.178) e2 j+4m+2 j+1−2 j−1−1h jc j+2 → e2 j+4m−2 j+3−2 j+1−2 j−1−1D1( j) for m 1, j  1.
(4.1.179) e2k+2m+2k+2k−1−2 j−1−1h jck → e2k+2m−2k−1−2 j−1−1h jckhk+1 for m 1, 1 j < k − 2.
(4.1.180) e2 j+4m+2 j+4+2 j+2+2 j+1−2 j−1−1h jc j+2 → e2 j+4m−1 J j−1 for m 1, j  1.
(4.1.181) e2k+3m+2k+2+2k+1+2k+2k−1−2 j−1−1h jck → e2k+3m−2 j−1−1h j pk−1 for m 1, 1 j < k − 2.
(4.1.182) e2 j+5m+2 j+4+2 j+3+2 j+2+2 j+1−2 j−1−1h jc j+2 → e2 j+5m−2 j−2 j−1−1h j+1p j+1 for m 1, j  1.
(4.1.183) e2k+2m+2k−2 j−1−1h jck → e2k+2m−2k−2 j−1−1h jckhk+1 for m 1, 1 j < k − 3.
(4.1.184) e2 j+4m+2 j+2−2 j−1−1h jc j+2 → e2 j+4m−2 j+3−2 j−1−1D1( j) for m 1, j  1.
(4.1.185) e2k+3m+2k+2+2k+1+2k−2 j−1−1h jck → e2k+3m−2 j−1−1h jdk for m 1, 1 j < k − 2.
(4.1.186) e2 j+5m+2 j+4+2 j+3+2 j+2−2 j−1−1h jc j+2 → e2 j+5m−2 j+1−2 j−2 j−1−1h j+2d j+2 for m 1, j  1.
(4.1.187) e2k+2m+2k+1−2 j−1−1h jck → e2k+2m−2 j−1−1h jckhk+1 for m 1, 1 j < k − 2.
(4.1.188) e2 j+4m+2 j+3−2 j−1−1h jc j+2 → e2 j+4m−2 j+3−2 j+2−2 j+1−1 J j−1 for m 1, j  1.
T.-W. Chen / Topology and its Applications 158 (2011) 660–689 687(4.1.189) e2l(2m+1)−1h jck → e2l+1m−1hlh jck for m 1, 0 l < j − 1< k − 2.
(4.1.190) e2 j+2m+2 j+1−1c jhk → e2 j+2m−1h j+1c jhk for m 1, 0 j < k − 3.
(4.1.191) e2 j+3m+2 j+2+2 j+1+2 j−1c jhk → e2 j+3m−1d jhk for m 1, 0 j < k − 4.
(4.1.192) e2 j+4m+2 j+3+2 j+2+2 j+1+2 j−1c jh j+4 → e2 j+4m−1x j for m 1, j  0.
(4.1.193) e2 j+2m+2 j−1c jhk → e2 j+2m−2 j−1h j+1c jhk for m 1, 0 j < k − 3.
(4.1.194) e2 j+2m+2 j+2 j−1−1c jhk → e2 j+2m−2 j−1−1h j+1c jhk for m 1, 1 j < k − 3.
(4.1.195) e2 j+3m+2 j+2+2 j+1+2 j+2 j−1−1c jhk → e2 j+3m−1p j−1hk for m 1, 1 j < k − 4.
(4.1.196) e2 j+4m+2 j+3+2 j+2+2 j+1+2 j+2 j−1−1c jh j+4 → e2 j+4m−2 j−2 j−1−1h j+1e j+1 for m 1, j  1.
(4.1.197) e2 j+2m+2 j−1−1c jhk → e2 j+2m−2 j+1+2 j−1−1h j+1c jhk for m 1, 1 j < k − 3.
(4.1.198) e2n(2m+1)−2 j+3+2 j+1+2 j−1−1c jhk → e2n+1m−2 j+3+2 j+1+2 j−1−1c jhnhk for m 1, 1 j < n − 3 < k − 4.
(4.1.199) e2k+1m+2k−1−2 j+3+2 j+1+2 j−1−1c jhk → e2k+1m−2k−1−2 j+3+2 j+1+2 j−1−1c jh2k for m 1, 1 j < k − 4.
(4.1.200) e2k+1+n(2m+1)−2k−1−2 j+3+2 j+1+2 j−1−1c jhk → e2k+2+nm−2k−1−2 j+3+2 j+1+2 j−1−1c jhkhk+1+n for m 1, n 1, 1 j < k−3.
(4.1.201) e2k+2m+2k+1−2k−1−2 j+3+2 j+1+2 j−1−1c jhk → e2k+2m−2k−2k−1−2 j+3+2 j+1+2 j−1−1c jh2k+1 for m 1, 1 j < k − 3.
(4.1.202) e2k+1m+2k−2 j+3+2 j+1+2 j−1−1c jhk → e2k+1m−2 j+3+2 j+1+2 j−1−1c jh2k for m 1, 1 j < k − 4.
(4.1.203) e2 j+5m+2 j+3+2 j+1+2 j−1−1c jh j+4 → e2 j+5m−2 j+4−2 j+2−2 j−1−1c j+1h j+2h j+5 for m 1, j  1.
(4.1.204) e2 j+4m+2 j+1+2 j−1−1c jhk → e2 j+4m−2 j+3−2 j+2−2 j−1−1c j+1h j+2hk for m 1, 1 j < k − 4.
(4.1.205) e2 j+5m+2 j+1+2 j−1−1c jh j+4 → e2 j+5m−2 j+4−2 j+3−2 j+1−2 j−2 j−1−1D1( j) for m 1, j  1.
(4.1.206) e2 j+3m+2 j+2+2 j+1+2 j−1−1c jhk → e2 j+3m−2 j−1−1d jhk for m 1, 1 j < k − 4.
(4.1.207) e2 j+3m+2 j+2+2 j+1+2 j−1−1c jh j+4 → e2 j+3m−2 j−1h j+1D3( j − 1) for m 1, j  1.
(4.1.208) e2l(2m+1)−1c jhk → e2l+1m−1hlc jhk for m 1, 0 l < j − 1< k − 4.
(4.1.209) e8m+3d0 → e8m−2h1e0 for m 1.
(4.1.210) e2 j+3m+2 j+2−1d j → e2 j+3m−2 j+2+2 j−1h j+2e j for m 1, j  1.
(4.1.211) e2 j+2m+2 j+1−1d j → e2 j+2m−1h j+1d j for m 1, j  0.
(4.1.212) e2md0 → e2m−1h0d0 for m 1.
(4.1.213) e2 j+2m+2 j−1d j → e2 j+2m−2 j−1h j+1d j for m 1, j  1.
(4.1.214) e2 j+3m+2 j+1+2 j−1d j → e2 j+3m−2 j−1h j+2d j for m 1, j  1.
(4.1.215) e2 j+5m+2 j+3−2 j−1d j → e2 j+5m−2 j+4−2 j−1x j for m 1, j  1.
(4.1.216) e2 j+4+n(2m+1)−2 j+3−2 j−1d j → e2 j+5+nm−2 j+3−2 j−1d jh j+4+n for m 1, n 1, j  1.
(4.1.217) e2 j+4m+2 j+3+2 j+2+2 j+1+2 j−1d j → e2 j+4m−2 j−1−1H1( j − 1) for m 1, j  1.
(4.1.218) e2 j+1m+2 j−1−1d j → e2 j+1m−2 j−1−1h jd j for m 1, j  1.
(4.1.219) e2 j+2m+2 j+2 j−1−1d j → e2 j+2m−2 j−1−1h j+1d j for m 1, j  1.
(4.1.220) e2 j+3m+2 j+2−2 j−1−1d j → e2 j+3m−2 j−2 j−1−1h j+1e j for m 1, j  1.
(4.1.221) e2l(2m+1)−1d j → e2l+1m−1hld j for m 1, 0 l < j − 1.
(4.1.222) e8m+3e0 → e8m−2(h1g1 = h2 f0) for m 1.
(4.1.223) e2 j+3m+2 j+2−1e j → e2 j+3m−2 j+1−1 f j−1h j+4 for m 1, j  1.
(4.1.224) e8m+1e0 → e8m−4(h2 f0 = h1g1) for m 1.
(4.1.225) e2 j+3m+2 j+1−1e j → e2 j+3m−2 j+2−2 j−2 j−1−1D1( j − 1) for m 1, j  1.
(4.1.226) e2n+1m−2n−2 j+1−1e j → e2n+1m−2n−2 j+3−2 j+1−1e jh j+3 for m 1, 0 j < n − 3.
(4.1.227) e2 j+1m+2 j−1e j → e2 j+1m−1h je j for m 1, j  0.
(4.1.228) e2 j+1m+2 j−1−1e j → e2 j+1m−2 j−1−1h je j for m 1, j  1.
(4.1.229) e2 j+3m+2 j+2 j−1−1e j → e2 j+3m−2 j+1−2 j−1−1e jh j+2, m 1, j  1.
(4.1.230) e2 j+5m+2 j+2+2 j+2 j−1−1e j → e2 j+5m−2 j+4−2 j+2−2 j+1−2 j−1−1h j g j+2 for m 1, j  1.
(4.1.231) e2 j+4+n(2m+1)−2 j+4+2 j+2+2 j+2 j−1−1e j → e2 j+5+nm−2 j+4+2 j+2+2 j+2 j−1−1e jh j+4+n for m 1, n 1, j  1.
(4.1.232) e2 j+3+nm−2 j+2+n−2 j+2+2 j+2 j−1−1e j → e2 j+3+nm−2 j+2+n−2 j+3−2 j+1−2 j−1−1e jh j+3 for m 1, n 2, j  1.
(4.1.233) e2n+1m−2n−2 j−1−1e j → e2n+1m−2n−2 j+1−2 j−1−1h j f j for m 1, 1 j < n − 1.
(4.1.234) e2l(2m+1)−1e j → e2l+1m−1hle j for m 1, 0 l < j − 1.
(4.1.235) e2 j+3m+2 j+2−1 f j → e2 j+3m−2 j+1−1h j+2g j+1 for m 1, j  0.
(4.1.236) e2 j+3m+2 j+1−1 f j → e2 j+3m−2 j+1−1h j+2 f j for m 1, j  0.
(4.1.237) e2m f0 → e2m−1h0 f0 for m 1.
(4.1.238) e2 j+3m+2 j−1 f j → e2 j+3m−2 j+1−2 j−1h j+2 f j for m 1, j  1.
(4.1.239) e2 j+5m+2 j+2+2 j−1 f j → e2 j+5m−2 j+4−2 j+3−2 j−1h j+3 f j+1 for m 1, j  1.
(4.1.240) e2 j+4+n(2m+1)−2 j+4+2 j+2+2 j−1 f j → e2 j+5+nm−2 j+4+2 j+2+2 j−1 f jh j+4+n for m 1, n 1, j  1.
(4.1.241) e2 j+4m+2 j+3+2 j+2+2 j−1 f j → e2 j+4m−2 j−2 j−1−1h j+2D3( j − 1) for m 1, j  1.
(4.1.242) e2 j+3m+2 j+1+2 j−1 f j → e2 j+3m−2 j−1h j+2 f j for m 1, j  1.
(4.1.243) e2 j+4m+2 j+3+2 j+2+2 j+1+2 j−1 f j → e2 j+4m−2 j−1−1h j p′j−1 for m 1, j  1.
(4.1.244) e2l(2m+1)−1 f j → e2l+1m−1hl f j for m 1, 0 l < j.
(4.1.245) e8m+3g1 → e8m−1h2g1 for m 1.
(4.1.246) e2 j+5m+2 j+2−1g j+1 → e2 j+5m−2 j+3−2 j+2−1g j+1h j+4 for m 1, j  1.
(4.1.247) e2 j+4+n(2m+1)−2 j+4+2 j+2−1g j+1 → e2 j+5+nm−2 j+4+2 j+2−1g j+1h j+4+n for m 1, n 1, j  1.
(4.1.248) e2 j+4m+2 j+3+2 j+2−1g j+1 → e2 j+4m−2 j−1−1h j+2D3( j − 1) for m 1, j  1.
688 T.-W. Chen / Topology and its Applications 158 (2011) 660–689(4.1.249) e2l(2m+1)−1g j+1 → e2l+1m−1hl g j+1 for m 1, 0 l < j + 2.
(4.1.250) e2 j+4m+2 j+3−1p j → e2 j+4m−2 j−1h j+1 f j+1 for m 1, j  0.
(4.1.251) e2 j+4m+2 j+3+2 j+2−1p j → e2 j+4m−2 j−1h j+3e j+1 for m 1, j  0.
(4.1.252) e2 j+1m+2 j−1p j → e2 j+1m−1h j p j for m 1, j  0.
(4.1.253) e2 j+1m+2 j−1−1p j → e2 j+1m−2 j−1−1h j p j for m 1, j  1.
(4.1.254) e2 j+3m+2 j+2 j−1−1p j → e2 j+3m−2 j+2−2 j−2 j−1−1h j+1e j+1 for m 1, j  1.
(4.1.255) e2 j+4m+2 j+2+2 j+2 j−1−1p j → e2 j+4m−2 j+1−2 j−1−1p jh j+3 for m 1, j  1.
(4.1.256) e2 j+6m+2 j+3+2 j+2+2 j+2 j−1−1p j → e2 j+6m−2 j+5−2 j+1−2 j−1−1h je j+2 for m 1, j  1.
(4.1.257) e2 j+5+n(2m+1)−2 j+5+2 j+3+2 j+2+2 j+2 j−1−1p j → e2 j+6+nm−2 j+5+2 j+3+2 j+2+2 j+2 j−1−1p jh j+5+n for m 1, n 1, j  1.
(4.1.258) e2 j+5m+2 j+4+2 j+3+2 j+2+2 j+2 j−1−1p j → e2 j+5m−2 j−1−1H1( j) for m 1, j  1.
(4.1.259) e2 j+2m+2 j+1+2 j+2 j−1−1p j → e2 j+2m−1D3( j − 1)h j+3 for m 1, j  1.
(4.1.260) e2l(2m+1)−1p j → e2l+1m−1hl p j for m 1, 0 l < j − 1.
(4.1.261) e2 j+4m+2 j+3−1D3( j) → e2 j+4m−2 j+1−2 j−1h j+2d j+2 for m 1, j  0.
(4.1.262) e2 j+3m+2 j+2−1D3( j) → e2 j+3m−1h j+2D3( j) for m 1, j  0.
(4.1.263) e2 j+2m+2 j+1−1D3( j) → e2 j+2m−1h j+1D3( j) for m 1, j  0.
(4.1.264) e2 j+2m+2 j−1D3( j) → e2 j+2m−2 j−1h j+1D3( j) for m 1, j  0.
(4.1.265) e2 j+3m+2 j+1+2 j−1D3( j) → e2 j+3m−2 j−1h j+2D3( j) for m 1, j  0.
(4.1.266) e2 j+3m+2 j+2+2 j+1+2 j−1D3( j) → e2 j+3m−1Q 3( j) for m 1, j  0.
(4.1.267) e2 j+1m+2 j−1−1D3( j) → e2 j+1m−2 j−1 J j−1 for m 1, j  1.
(4.1.268) e2 j+2m+2 j+2 j−1−1D3( j) → e2 j+2m−2 j−1−1h j+1D3( j) for m 1, j  1.
(4.1.269) e2 j+3m+2 j+2−2 j−1−1D3( j) → e2 j+3m−2 j−1−1h j+2D3( j) for m 1, j  1.
(4.1.270) e2 j+4m+2 j+3−2 j−1−1D3( j) → e2 j+4m−2 j−1−1h j+3D3( j) for m 1, j  1.
(4.1.271) e2 j+5m+2 j+4−2 j−1−1D3( j) → e2 j+5m−2 j−1−1h j+4D3( j) for m 1, j  1.
(4.1.272) e2 j+7m+2 j+5−2 j−1−1D3( j) → e2 j+7m−2 j+6−2 j−1−1V j for m 1, j  1.
(4.1.273) e2 j+6+n(2m+1)−2 j+5−2 j−1−1D3( j) → e2 j+7+nm−2 j+5−2 j−1−1D3( j)h j+6+n for m 1, n 1, j  1.
(4.1.274) e2 j+6m+2 j+5+2 j+4+2 j+3+2 j+2+2 j+1+2 j+2 j−1−1D3( j) → e2 j+6m−1V ′j−1 for m 1, j  1.
(4.1.275) e2l(2m+1)−1D3( j) → e2l+1m−1hlD3( j) for m 1, 0 l < j − 1.
(4.1.276) e2 j+5m+2 j+4−1p′j → e2 j+5m−2 j−1h j+1 f j+2 for m 1, j  1.
(4.1.277) e2 j+5m+2 j+3−1p′j → e2 j+5m−2 j+3−2 j−1h j+1 f j+2 for m 1, j  0.
(4.1.278) e2 j+5m+2 j+4+2 j+3−1p′j → e2 j+5m−2 j−1h j+1g j+3 for m 1, j  0.
(4.1.279) e2 j+2m+2 j+1−1p′j → e2 j+2m−1h j+1p′j for m 1, j  0.
(4.1.280) e2 j+1m+2 j−1p′j → e2 j+1m−1h j p′j for m 1, j  0.
(4.1.281) e2 j+1m+2 j−1−1p′j → e2 j+1m−2 j−1−1h j p′j for m 1, j  1.
(4.1.282) e2 j+2m+2 j+1−2 j−1−1p′j → e2 j+2m−2 j−1−1h j+1p′j for m 1, j  1.
(4.1.283) e2 j+4m+2 j+2−2 j−1−1p′j → e2 j+4m−2 j+3−2 j−1−1h je j+2 for m 1, j  1.
(4.1.284) e2 j+5m+2 j+4−2 j+2−2 j−1−1p′j → e2 j+5m−2 j+2−2 j−1−1p′jh j+4 for m 1, j  1.
(4.1.285) e2 j+7m+2 j+5−2 j+2−2 j−1−1p′j → e2 j+7m−2 j+6−2 j+2−2 j−1−1h je j+3 for m 1, j  1.
(4.1.286) e2 j+6+n(2m+1)−2 j+5−2 j+2−2 j−1−1p′j → e2 j+7+nm−2 j+5−2 j+2−2 j−1−1p′jh j+6+n for m 1, n 1, j  1.
(4.1.287) e2 j+6m+2 j+5+2 j+4+2 j+3+2 j+2−2 j−1−1p′j → e2 j+6m−1U j−1 for m 1, j  1.
(4.1.288) e2 j+3m+2 j+2+2 j+1+2 j+2 j−1−1p′j → e2 j+3m−1V j−1 for m 1, j  1.
(4.1.289) e2l(2m+1)−1p′j → e2l+1m−1hl p′j for m 1, 0 l < j − 1.
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